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Section 1: Introduction

Fuel cells o er the potential for delivering quiet, e cient power from stored hydrogen.
While reverse electrolysis seems simple in principle, theeality is that fuel cells are com-
plex, interrelated systems, involving coupled physical, bemical and electrical processes
occurring in thin layers. To date, there has been little sucess decoupling the multitude of
processes from one another, though progress in this area widuopen the door to analytic
and computational treatment of the problem. A more complete description of some of the
interdependent elds in shown in Figure 1.1.
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Figure 1.1. A schematic drl)agram ahadeoggecrgmrp Etechtbiod! ogeIMThe unknown elds a

include uxes of hydrogen, oxygen, protons, electrons, wagr (both liquid and vapor),
and heat. Even this model is simpli ed from the more complex reality which includes
labyrinthine ow channels that deliver the gases to the GDL.

Since chemical reactions occur in very thin layers of distiot materials, experimental
techniques for measuring certain physical parameters do rioyet exist. Even if a large
number of material parameters were known, it is not yet clearwhich parameters or com-
binations of parameters are signi cant from a design perspetive. Thus, engineers and
designers have encouraged the mathematical community to delop a deeper understand-
ing the underlying processes in fuel cells and provide somehpsical insight and guidance
on their operation. Similarly, in the mathematics community, we nd that fuel cells pro-
vide a rich source of problems for mathematicians with inteests in modeling, analysis, and
computation.
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The 2004 MPI workshop problem from Gore is an attempt to gain ghysical intuition
about some of the fundamental processes in a fuel cell. All tiee fuel cell problems focus
on the di usion layer in a simpli ed periodic geometry on the cathode side of the cell. The
proposed problems were intended to be increasingly di cult though the second was found
to be more regular than the rst, thus o ering some advantages. The original problem
statement is included in Appendix B, but a summary diagram is shown in Figure 1.2.

no mass flux or pressure

concentrations gradient, T=Tm concentrations
specified, T=T| y specified, T=Ty
high pressure low pressure
< > A |
d < 5 >
no flux h no flux
OIO region OmO region OrO region
X
Y >

positive heat flux, positive vapor flux, negative oxygen flux
no liquid, no pressure gradient

Figure 1.2. This simpli ed periodic geometry was the focus @ our attention during the MPI
workshop. The grey lines at the top of the diagram indicate the position of the channel
through which the gases ow. We consider only the movement ofjas, liquid water, vapor
and heat through the rightmost GDM in Figure 1. Note also that the orientation of this
diagram has been rotated 90 from Figure 1. (In particular, the cathode to the left of the
GDM is now beneath it.)

On the bottom catalyst side, heat and water (in liquid and vapor phases) are added to
the system, and gas is absorbed. On the upper channel side, dteand water are removed
but gas is added. The problem is complicated by the fact that falf the upper boundary
is the solid cathode material and half is the open channel. Ths the uid ow boundary
conditions are mixed Neumann (no ux into the cathode) and Dirichlet (no liquid water
in the channel).

To inspire our activities, we drew heavily from two sources, electrochemistry and
hydrogeology. In the former body of literature, there has be&n some e ort in the last
decade to develop electrochemical models of fuel cells [1{8r portions thereof [4{8]. In
these areas, there has been signi cant activity in identifying the relevant physical processes
as well as simulating and analyzing these models in portionsf fuel cell.

In the hydrogeological literature, detailed models exist br multiphase ow in unsat-
urated media with temperature dependence [9{12]. Howeverthe moisture movement in
these models depends strongly upon the moisture potential hich includes material prop-
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erties of the porous material. These properties, includingthe water content dependent
permeability, are not known for the GDL, and may be exceedindy di cult to measure.
While there are clear parallels for multiphase ow in the GDL and unsaturated soils, there
are some important distinctions as well. The GDL is hydrophdic and soil is hydrophilic.
This could have a signi cant e ect on the movement of gases thiough slightly wetted ma-
terial. Next, the pore size distributions are likely to be di erent. Finally, the GDL is a
thin, paper-like weave of carbon bers. Depending upon the nanufacturing process, the
weave may be disordered or woven into an orderly array. In elier case, any GDL is likely
to be an anisotropic medium.

This report is our week-long attempt to develop some mathemécal insight into these
problems. In section 2 we derive the governing equations fothe most general case. In
section 3 we specialize those equations to the case where inguiid water is present. Sections
4{6 address several cases of transport and ux conditions fothis case. In sections 7 and
8 the issue of two-component gas di usion is addressed. Saoh 9 addresses the transport
of liquid water, while section 10 addresses the cases wheré phases are present together.



Section 2: General Equations

We wish to model the transport of various species through thegas di usion layer
(GDL) diagrammed in Figure 1.2. The layer is made up of blocks periodic in the long
(x-)direction, that are 4d units long and h units high (the ¥-direction). The aspect ratio
is small, so we dene = h=d 1 as our perturbation parameter. The lower surface
y = 0 abuts the cathode catalyst layer (CCL). The upper surface (y = h) is open to two
channels, oneontheleft (2d x d) and one ontheright (d x 2d). The region in
the center (jxj < d) abuts a graphite cathode. All quantities are assumed to ben steady
state. Each of the channels may be at a di erent pressure.

We wish to track the pressure P, temperature T, the oxygen concentration u; the
water vapor concentration v and liquid water volume fraction . It is important to note
that in our work we assume that the vapor is in thermodynamic equilibrium owing to
the fact that the GDL is very thin. In contrast, geophysical m odels do not make this
assumption and capture the liquid and vapor water content in one variable. Since we are
considering the volume fraction of the entire GDL, the correct range is 0 , Where

is the porosity of the GDL. As the liquid water volume fractio n increases, the water will
begin to occlude the pores. Thus the di usion coe cients, permeabilities, etc., will all be
functions of

The reader is directed to articles by Philip and Philip & DeVr ies [9,10] for a compre-
hensive treatment of liquid water and vapor transport in vadose (unsaturated) soils. The
general form is given by Richard's equation,

vo= Q) ; (2:1)

where V' is the moisture velocity, is the hydraulic conductivity of the GDL to liquid
water, and is the moisture potential. In reality, the total potential would also have a
gravitational component. We discard it from consideration because in the normal fuel cell
operating regime, very little liquid water is present. Thus is small and gradients are
large, so gravity is negligible over the thin GDL. The moisture potential must include all
the distinctive material properties of the GDL such as wetting potential, tortuosity, etc.

The important feature we hope to exploit is that is a single- valued function of only,

(). The moisture potential for the GDL plays a central role in t he performance
of the fuel cell. While we understand that the GDL has not been characterized, our
e orts here to model with a small nhumber of parameters may help guide design and
characterization e orts.

To simplify our system, we assume that represents the liquid water volumetric
fraction, and that the vapor content is always in thermodynamic equilibrium and fully
saturated. We justify this assumption with the fact that the membrane is thin and that
the channels supplying oxygen and other gases are known to ally saturated.

Knowing that water is virtually incompressible, one may write

r [D() ]+ =0 ; (2:2a)
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where represents any sources and sinks of water due to evapation and condensation,
and D , the di usion coe cient of water, is given by

b ()= ()% (2:2b)

Again, the speci c form of D must come from a material characterization of the GDL, but
we considered two alternatives. The rst attempt to capture the right general behavior
over all is strongly motivated by measurements of clays [9, 11]:

D ()= Aexpf B [cot(W )]’g; (2:3a)

whereA, B, and p are material parameters, andW = = is the pore volume concentration
of water. The important feature is that D (0)=0,and D ( )!1 asW ! 1. Since we
are trying to focus on the regime where is bounded away from , the following model
takes into account the other behavior more simply:

D()=A1 e?® P: (2:3b)

For the gases, we include both Fickian di usion and convecton for the transport.
Thus we have

r (Dy()ra ©Vy)=0; (2:4)

where V4 is the velocity of the gas phase andD, is the di usion coe cient of oxygen.
In (2.4) (and throughout this section), we assume that the diusion properties of the
gas di usion layer are spatially uniform. In reality, the ga s di usion layer is made up of
bers parallel to the x-axis. This enhances di usion in the x-direction, thus negating the
favorable properties of the small aspect ratio.

Evaporation is temperature-dependent process with an Arrkenius law, so we have

Ea

evaporation term/ exp «—
RT

X (2:5a)

where E 5 is the activation energy and R is the gas constant. However, it will be shown
that the variations in temperature are quite small, so it may be appropriate to treat the

exponential as a constant. Hence one may use

evaporation term/ (2:5b)

Note that if there is no liquid water ( = 0), there will be no evaporation.
Similarly, there will be condensation, but this is not a temperature-dependent process.
Thus we have
condensation term/ w (2:6)

Note that if there is no water vapor (¥ = 0), there will be no condensation. Then using
these forms to track the volume fraction of water, so we have

Ea

r (DO ) exp oo

+ vw=0; (2:7)
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where the s are conversion factors. Note that the evaporation term removes water (minus
sign), while the condensation term produces it (plus sign).

Earlier, we proposed assuming the gas was fully saturated wh water so that v could
be speci ed. However, we can model the vapor transport as wel Tracking the evolution
of the vapor phase of water, we must also include convectionThus, we have

r (Dv()rv W)+ vy exp % v =0; (2:8)

where D,, is the di usion coe cient of the water vapor and v; is a normalization factor
de ned below. Note that the evaporation term produces vapor (plus sign), while the
condensation term removes it (minus sign).

For the temperature, we use convection and Fourier's Law forheat conduction, sup-
plemented by a heat gain (for condensation) and loss (evapation). Since the gas and
liquid water velocities are small, we assume that thermal tansport from water and gas
movement is so small as to be neglected. Thus we have

Ea
r (R()r T L ex — v =0; 2:9
(R()r T - v (2:9)
where K is the thermal conductivity, is the density of liquid water, and L is the latent

heat. Note that the evaporation term uses up heat (minus sign, while the condensation
term produces it (plus sign).

To model R( ) in the presence of liquid water, we choose a linear interpaition:
R()=Rc+K ; (2:10)

where K¢ is the thermal conductivity of the dry (graphite) GDL and K is the thermal
conductivity of water.

If the gas phase actually convects, the velocity is governethy Darcy's Law:
Vg = o0), P; (2:11)

where ¢ is the permeability of the GDL to gases and is the viscosity of the gas. The
permeability 4 depends upon because liquid water will remove available pore space for
the gas. To solve for the pressure, we use the continuity equi@n:

r Vg= Er ( g()rP)=0: (2:12)

Another possibility is to let the mass fraction of water be represented by a single
variable. Then this variable would be small in regions wherethere is mostly water vapor,
and high where there is mostly liquid water. Philip & De Vries explore this thoroughly in
[10]. The resulting system would yield a moisture transportequation driven by thermal
and hydraulic gradients rather than just the latter, and equation (2.8) can be discarded
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entirely. However, as Philip & De Vries note in their 1957 paper, the thermal gradient
di usivity term in the hydraulic transport equation is seve ral orders of magnitude less than
the liquid gradient di usivity [10].

Clearly, the transport and evolution of each of the variables (vapor, liquid water, heat
and gas) requires careful attention. Yet consideration of d at once will yield a complex
system that provides little physical insight. Given that th e GDL is just a small part of a
larger more complex system, the crucial issue is to determimmwhat interdependencies exist.
The workshop team opted to divide into a small number of squad, each making strong
assumptions to see what could be learned if the behavior of #n GDL were dominated by
one of these regimes. For instance, one team focused on gaglameat transport assuming
the GDL was completely dry. Another focused on the interdi u sion of two distinct gas
phases within a dry GDL. The third squad examined hydrothermal transport as a function
of the material properties of the GDL, assuming that gas trarsport in the matrix would
have little or no impact on the formation of liquid water.

Moving on to geometric considerations and boundary conditons, the boundaryy-= h,
j¥j  dis the solid graphite cathode. For reasons that will become lear later, we denote
guantities in the middle of the GDL (jxj  d) by sub- or superscripts \m". (If a dependent
variable appears without superscripts, one should assumehe equation holds throughout
the GDL.) By assuming high thermal conductivity of the inter face, we may replace the
standard radiation condition by an imposed temperature:

T h) = T ¥ <d: (2:13)
The wall is impermeable, so we have
@™ @ @ @m .
——(0h)= ——(%h)= *h)= —(¢h)=0; x| <d: 2:14
@()@()@()@() i%] (2:14)
The boundariesy-= h, 2d x dandd x 2d represent the exposed left
and right channels, respectively, so we use sub- and supergats \I" and \r". By assuming
high permeability of the interface, we may replace the standrd radiation conditions by

imposed function values. Lastly, we assume that there is noiduid water at the exposed
interface. We begin by listing the equations on the left:

8¢ h)= up; 2d x d; (2:15a)
Teeh)= T); 2d x d; (2:15b)
v(xh) = v; 2d x d; (2:15c)
P'(x;h) = P; 2d x d; (2:15d)

'x:h)=0; 2d x  d (2:15€)

Here T, > T,,. There may also be some adjustments necessary to compensdtw the
porosity of the GDL.
The temperature in the channel on the right is the same as the lsannel on the left, so
we have
T'(¢h)=T; d x 2d: (2:16a)
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The pressure in the right channel is given by
P'(x;h)=P; d x 2d (2:16b)

where P, P,. The gas concentrations in the channels are proportional tothe total
pressurevia the ideal gas lawP = tRT (for example). Thus we have

& (% h) = gun d x 2d
|
=u@l ) 2 P 5 Pr (2:16¢)
|
Yixh)y=v@ %; d x 2d (2:16d)

where the choice of the size of is motivated by Appendix A. Again, we assume that no
liquid water exists in the channel:

"(xh)=0; d x 2d: (2:16¢e)

Since our GDL block is periodic, we must have no- ux conditions at x=  2d:

@ o @ . @ . @ . @ =0
@( 2d;y) = @( 2d;y) = @( 2d;y) = @( 2d;y) = @( 2d;y) = 0;
(2:17)
@ . a e, e, @
@(Zd,w— @(Zd,Y)— @(Zd,Y) @(Zd,Y) @(Zd,Y) 0:
(2:18)
At the bottom of the GDL, the pressure gradient is zero:
%(x; 0)=0: (2:19a)
In addition, we assume that no liquid water forms at the bottom:
(x0)=0: (2:19b)

Flux conditions on T, &, and v vary with the speci c model and will be presented later.



Section 3: No Liquid: Governing Equations

As a rst approximation, we neglect the liquid water in the ga s di usion layer, as well
as the possibilty of condensation. The idea is to examin& and vto check the concentration
at each point. In [3] the authors de ne the saturation concertration of water vapor via
the pressure as follows:

l0g;0(Psat) = 2:18+0:029(T7 2732) 9:18 10 (T 2732)>+1:44 10 (T 2732)*

Here pressure is assumed to be measured in atmospheres, afidn K. Using the ideal gas
law P = ¥RT, we have

vsatRT=10( 2:18+0 :029(T" 273:2) 9:18 10 >(T 273:2)°+1:44 10 "(T 273:2)%)
1
Voar(T) = o EXP 458+ (2:565 10 HT 4:831 10 *T?+3:316 10 ‘T3
(3:1)

If ¥ > %y in SOme area, then condensation occurs and the model fails. uB perhaps we
can obtain bounds on the temperature regimes necessary to pduce condensation.

With no water, all of our nonlinear parameters in section 2 be&eome constant. Also, our
evaporation and condensation terms become meaningless. Ui (2.12) and (2.4) become

[
g @GP, GF
@ @
@r @r
r2P= =——+ —— =0; 3:2
N &2
@y Cu
Du @ + @ r (UVQ) =0
CECT g
Dy =5+ =5 +—r (rP)=0
CLING g 2
+ + rerP+ur“P)=0;
e @ D, )
where we have used (2.11). Then using (3.2) to simplify the ative equation, we have

! I#
@i, G, , @ @ L @ @
@ @ D, @& @ @ @

Because of the similarities between (2.4) and (2.8) we see & (2.8) becomes
! I#

Gv,0, , @ @F k6@ @

@ @ D, @& © @& &

=0: (3:3)

=0: (3:4)
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With the convection neglected in (2.9), our expression beames much simpler:

g+ %—O: (3:5)

The governing equations and boundary conditions motivate he following scalings:

_ X _ Y. oy Ty Tm, _ & _ v, .
X = it y = e T(x;y) = T u= o’ V= v (3:6a)
o 2POxy) (Pt Pr) :
P(xy) = PP, ; (3:6b)
Substituting (3.6) into (3.2) and (3.3), we obtain
I:)I Pr@P+ I:)I Pr@P_O
202 @% 2n? @y
@P  @P
2E9F L BF 4. .
@3 + @9 0: (3:7)
, 1@u 1@u P P) 1 @u @P 1 Qu @P _,
| #@R 2@y 2D, & @x @x h? @y @y
@u  @u @u @P @u @P
2= =" 2 = = = = =0:
@z @9+Pe” @x @x @y @y 0
(3:8a)
_ 9P Pr), .

where Pg, is the Reclet number for the oxygen. Since (3.4) is simply (33) with v replacing
u, we have

@v @v @v @P @v @P (P Pp)
2 2 @r @r  _4. - 9 . (2
@i @9 ax @x = @y @y O v 5p, @9

Substituting (3.6) into (3.5), we have

,@T  @T _ .
it ey Y (3:10)

Next we substitute our scalings into our boundary conditions (2.13){(2.19) and rear-
range by dependent variable. Since the pressure conditiondo not become important until
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section 6, we examine only the remaining dependent variabk For the temperature, we
have

(M To)T"(X 1)+ Ty = T ixj < 1;

TM(x; 1) =0; (3:11a)
(T Ta)T XD+ T = T;; 2 x 1
T'(x;1)=1; (3:11b)
(T T)T' L)+ T, =T, 1 x 2
T'(x;1)=1; (3:11c)
@T . .\_q. .
@( 2:y)=0; (3:12a)
LIPS :
@(2,” =0: (3:12b)
For the oxygen, we have
%u;(x; 1)=0; iXj < 1; (3:13a)
uu'(x; 1) = up; 2 X 1
u'(x;1)=1; (3:13b)
uu'(x; 1) = u(1 2y 1 x 2
u'(x;1) =1 2. (3:13¢)
@b . _ . .
@X( 2:y)=0; (3:14a)
@b, \_oq. :
@(2, y)=0: (3:14b)
For the water vapor, we have
%v;/(x; 1)=0; iXj < 1; (3:15a)
vvi(x; 1) = v; 2 X 1
viix;1)=1; (3:15b)
vv' (x; 1) = vi(1 2y 1 x 2
vi(x;1)=1 2. (3:15c¢)
@V . \_q. .
@x( 2:y)=0; (3:16a)
@V, \_q. :
@x(z' y)=0: (3:16b)
Lastly, we substitute our scalings into our saturation equdion (3.1) to obtain

1
R[(TI Tm)T + Tm]

ViVsat = exp 458+ (2:565 10 1)[(T| To)T + T
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4831 10 “[(Ty Tm)T+ Tm]2+(3:316 10 DT, Tm)T + Tm]® :

Vsat(T) = RVITT Tl T T ]exp 458 +(2:565 10 H[(T; Tm)T + Tm]
4831 10 Y[(Ty Tm)T+ Tm]?+(3:316 10 H[(T, Tw)T+ Tl : (3:17)

Again, all units should be stripped from dimensional quantities when using this formula.
Substituting our parameters from Appendix A into the above, we have

1
= 458 +(2:565 10 1)(2T +353
Vsat = (82:05Y(1:72 10 5)(2T +353) P ( X )
4:831 10 4(2T +353)2+(3:316 10 ")(2T +353)3 :

710
Vsar(T) = ez €xp  0:869+(7:87 10 2T (5:28 10 9)T2+(2:65 10 GzTS;
3:18



Section 4: No Liquid, No
Convection, Constant Flux

As a rst attempt, we assume that the pressure is constant. Thus the transport is
Fickian only, and (3.8a), (3.9), and (3.10) become

@u @u
25t =5 =0; 4:1
@ @y (4:1)
@v @v
=2 a5 -0 4:2
@z’ @y (4:2)
@T  @T
=gt == =0 4:3
@z ' @y (4:3)
concentrations
specified, T=1 no mass flux, T=0 y
A
< >
1
no flux 1 no flux
OIO region OmO region
X
Y >

positive heat flux, positive vapor flux, negative oxygen flux
Figure 4.1. Schematic of geometry for convection-free prdbm.

Upon examination of our boundary conditions (3.11){(3.16) we see that with a con-
stant pressure, the regions of positive and negativex are symmetric about x = 0. For
historical reasons, we restrict our attention to the region 2 x 0. Thus we can replace
the boundary conditions on the \r" variables with the follow ing:

%T:((O, y)=0; (4:4a)
)

@2 oy=0; (4:4b)

@V

axOy=0: (4:4¢c)
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There are several types of conditions one can impose at the terface with the CCL
(y = 0). For now we impose uxes for each of our quantities of inteest. As an initial
model, we assume constant ux. Oxygen ows out of the gas di usion layer, so

_ & _ @,
oxygen ux = Du—@n— Du—@(x, 0= g
Dy —Q(x; 0) =1 (4:5a)

Here we have chosen the sign such thaty,~ 0. Since the sign of the gradient is the
opposite of the sign of the ux, the water vapor and temperature uxes are given by

Dv@(X; 0)= &;

& (4:5b)
e S 60)= ar; (4:50)
where we retain the convention of keep theys positive.
Substituting (3.6) into (4.5), we have the following:
Dy %%gx; 0) =
%3)(; O=aq? q?= Ei:ﬁ (4:62)
DVE%XX; 0= &
%Xx; 0= &% q?= E?;Tn (4:6D)
ke ! hTm %}T;x; 0= &
%}T;x; 0= oar; Or = R'C(':T—h. (4:6¢)

Here the gs are the Nusselt numbers. In (4.6a) and (4.6b) we have addeche factor <,

2

which is consistent with the size given in Appendix A, for later computational convenience.
Since =0:2, as a rst approximation we use it as a perturbation parameter. Thus

we expand our dependent variables in the following series:

T(xy; )= To(x;y)+ o ); (4:7a)
u(x;y; )= uo(x;y)+ of ); (4:7b)
V(X;y; )= Vo(x;y)+ of ): (4:7c)

We begin by examining the temperature eld. Substituting (4.7a) into (4.3), we

obtain, to leading order,
@To

@3 =0:

(4:8)
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To leading order, all the other boundary conditions for T hold with T replaced by Ty.
Integrating (4.8) subject to (3.12a), (4.4a) and (4.6c), wehave

@Y _
@y 7
To= ary+ f(x); f9 2)=f%0)=0:

Since the boundary conditions in (3.11a) and (3.11b) are dierent depending on the
region, we break our solution into two parts, obtaining

To(y)= ar(l y)+1; 2 x 1L (4:9a)
To(y)=ar(@ y); 1 x O (4:9b)

Laplace's equation cannot support the discontinuity at x = 0, so we introduce the
interior layer variables

_X+1-

Txy)=ar @ y)+ T'(zy); (4:10)

where the superscript \i" refers to \interior". Substituti ng (4.10) into (4.3), (4.6c¢), (3.11a),
and (3.11b), we obtain, to leading order,

%2 . %1; 0 (4:11)
@T _ .\ _
Gr + @(Z,O) = Or
@T . .. .
@(2,0) =0; (4:12)
T(z;1) = 1; z<0 (4:13a)
Ti(z;1)=0; z>0: (4:13b)

The remaining conditions are given by matching to the outer ®lutions:

r@ V+T(L ;=T 1y =g y)+1

T(1 ;y)=1; (4:14a)
Tl N+TA;y=T" 1y =aq@ )
T'(1;y)=0: (4:14b)

The system (4.11){(4.14) is essentially a potential problen in an in nite strip. The full
solution can be written down using conformal mapping technques.

Figure 4.2 shows a contour plot of the temperature using the dll equation (4.3) and
the parameters in Appendix A. The solution was computed usirg Matlab. Here (and in
all such plots) the domain has been shifted slightly; 1 x 0 is the left region, and
0 x 1 isthe middle region.
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Figure 4.2. Contour plot of temperature.

Note the nearly horizontal contours in the outer regions, stowing that the temperature
is very nearly a function of y only. Also note that the di erence between the temperature
on the left and right (for the same value ofy) is very nearly 1. Because our value for is
0.2, the interior layer behavior is smeared out a bit.

If we let 1 = z+ iy, then the chain of transformations

i, 1

1 1
=2 Lo 4,2 24 Zsin ¢
AL 4= 5 sin “(f3)

f2:exp(f 1); f3

maps the in nite strip of (4.11){(4.13) to the interior of a h alf-strip in the f4-plane, such

that fy = 0g maps to the real interval (0;1), fy = 1;z > 0g maps to the positive real axis,

andfy=1;z< Ogmapstof< fy=1;=f,> 0g. Therefore, by the conformal invariance of

Laplace's equation and the boundary conditions,T' = <f, is the solution of (4.11){(4.13).
This function is plotted in Figure 4.3 using Matlab.

We continue on with a discussion of the gas pro les, beginnig with u. (The discussion

for v is directly analogous.) If we proceed as above, substitutig (4.7b) into (4.1) yields,

to leading order,

@uo

—— =0: 4:15

@9 (49
Again, all the other conditions remain the same with u replaced by ug. We must make a
special explanation for (4.6a), which for the left region weleave in the form

%i;/(x; 0)=q 2 (4:16)
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Figure 4.3. 3-D plot of T' in interior layer.

We note that technically we should have pushed the right-haml side of (4.16) to a lower
order. However, we can solve the leading-order problem as aed without resorting to a
perturbation series for (4.16), and so we leave it as is.

Proceeding as above, integrating (4.15) once we have

@y _ _ .
oy f (x): (4:17)

We may solve (4.17) subject to (3.13b), (3.14a), and (4.16)a obtain
uixy)=1 q %@ vy); 2 X 1: (4:18)

However, in the middle we see that (3.13a) along with the fullboundary condition
(4.16) makes the problem ill-posed. Therefore, in that regbn we do split up equation (4.16)
and assume the following expansion:

um(y; )= ug(ay)+ 2ug(xy)+ ol); 1 x O (4:19)
Substituting (4.19) into (4.1) and (4.6a), we obtain, to leading orders,

2 @(ug + uf)  @(ug + uf) _

G @ °
%Jg = (4:20a)
%‘5 = %”E ; (4:20b)
%@;(x; 0)=0; (4:21a)
@@(x; 0)= qu: (4:21b)

@y
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The no- ux conditions (3.13a) and (4.4b) hold at both orders.
In order to match the O(1) solution of (4.18) on the left, we must have that

ug'( Ly)=1: (4:22)

Solving (4.20a) subject to (4.21a) and (3.13a), we obtain

ug = fo(x); (4:23)

where fo(x) is undetermined for now. However, using (4.22) and (4.4b),we can obtain
boundary conditions for it:

fo( 1)=1; f0)=0: (4:24)

Substituting (4.23) into (4.20b) and using (3.13a) and (4.2Lb), we obtain

e - a0

Sl oy (4:252)
@F, oo |
@y(x,O) %) = qu: (4:25b)

Solving (4.25b) subject to (4.24) and continuing to simplify, we obtain

fd= qx
X2

ug(x;y)=fo=1 q 1 5 ; (4:26a)

Substituting (4.25b) into (4.25a) and integrating, we have

2
ug(xy)= Yy y; + f2(x); (4:26b)

where f,(x) would be determined from the next order in the perturbation expansion.
However, we wish to focus on the leading order.

Upon examination of (4.18) and (4.26a), we see that there musbe a layer in the
derivative (ux) in order to match the two solutions togethe r. Because we are matching
to the solution on the right, we now take ! 0 in our solutions and equations for the left.
Therefore, we let

u(x;y) =1+ u'(z:y): (4:27)
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Taking ! 0 when we substitute (4.27) into (4.1), (4.6a), (3.13b), and(3.13a), we obtain,
to leading order,

@u  Gu _ . .
@% Erald (4:28)
@y(z;O) =0; (4:29)
1+ u'(z;1)=1; z<0
u'(z;1)=0 (4:30a)
@(z 1)=0; z>0: (4:30b)

The remaining conditions are given by matching to the outer ®lutions:

1+ u'(1 ;y)=u'( 1;y)=1+ O(?

u'(l ;y)=0; (4:31a)
@U _ @@

@Z 'Y) = @X 1y)

@Z(l V)= Qi (4:31b)

The system (4.28){(4.31) is essentially a potential problen in an in nite strip. The so-
lution is more complicated to do analytically. However, this is written down mostly for
completeness; the real behavior we wish to examine is in theuter regions.

Figure 4.4 shows a contour plot ofu using the full equation (4.1) and the parameters in
Appendix A. The solution was computed using Matlab. Note the nearly vertical contours
on the right, showing that u is very nearly a function of x only. On the left, the solution
is very nearly 1, with correction terms at O( 2). Since this is smaller than the size ofu
in the internal layer, our contours are no longer horizontal Because our value for is 0.2,
the internal layer behavior is smeared out a bit.

We note that from (4.26a) that ug'(0;y) =1 q,=2, so ifq, > 2, we would have a
negative concentration at this order. Actually, the numerical solution in Figure 4.3 re ects
a negative solution because of corrections at lower order. $sentially the problem arises
because we are trying to drive a constant ux out of the system when in actuality there
may not be enough oxygen in the system to maintain the balance

Because the equations fow are the same as those fou (with u replaced byv and g,
replaced by q,), our solutions are directly analogous:

Vixy)=1+ g 21 y); 2 x L (4:32)

v (X y; )= vii(gy) + Vi (X y) + o(l); 1 x O (4:33)

VIOGy)=1+ g sz ; (4:343)
2

vZOGy)= A4y S * g(X); (4:34b)
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Figure 4.4. Contour plot of oxygen concentration.

v(xy) =1+ v(z;y); (4:35)

%Y; . % - 0; (4:36)
%2;0) =0; (4:37)
Vi(z,1)=0;  z<0; (4:38a)
%z; 1)=0; z>0 (4:38b)
Vi(1 ;y)=0; (4:39a)
%Z(l Y) = Qs (4:39b)

where g,(x) would be determined from the next order in the perturbation expansion.
Figure 4.5 shows a contour plot ofv using the full equation (4.2) and the parameters
in Appendix A. The solution was computed using Matlab. Note that the graph is very
similar to the one for u, re ecting the underlying similarity of the operators.
Now that the expressions (4.9), (4.32), and (4.34) have beenalculated, we can then
substitute them into (3.18) to determine the regions that are oversaturated. This was done
with our numerical solutions; in particular we de ne the fol lowing variable:

Vo Vsar(T) )

SviT)= Vsat (T)

(4:40)
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Figure 4.5. Contour plot of water vapor concentration.

Thus we see that if S > 0, we expect liquid water to be present and our model to break
down.

Figure 4.6 shows a contour plot ofS, calculated numerically in Matlab from the full
equations and the parameters in Appendix A. Note that the GDL is saturated everywhere.
The lowest saturation level is on the left, where the channekerves as a transport mechanism
for the water. The highest saturation level is in the upper right, where the water is walled
in.
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Figure 4.6. Contour plot of saturation.



Section 5: No Liquid, No
Convection, Radiation Condition

As a more realistic ux condition, we note that the ux of heat , oxygen, and liquid is
all driven by the reaction in the CCL. The ux is proportional to the reaction rate, which
is proportional to the concentration of oxygen. Thus we have

oxXygen ux = Du%(x; 0)= eu(*0)

Du%(x; 0) = eyt 0); (5:1a)

where we have chosen the sign such that,~ 0. In the reaction, two molecules of water
are produced for every molecule of oxygen used up, so

Dvg(x; 0) = 2e,t(% 0): (5:1b)
Lastly, the heat ux is given by
Re %(x; 0)= era(x0); (5:1c)

where we retain the convention of keep thecs-positive.
Substituting our scalings in (3.6) into (5.1), we obtain

Du%%gx; 0) = €, uju(x; 0)
%3& 0) = cuu(x; 0); Cy = %—h; (5:2a)
DV%%\/X; 0)= 2 uu(x;0)
%Xx; 0)= ¢ 2u(x;0); c, 2= Zg‘vlil'lh; (5:2b)
kTI hTm %3& 0)= ueru(x;0)
@T .\ _ . _  €uh :
@}x, 0)= cru(x;0); Cr = —Rc(T| T (5:2¢)

Here the cs are the Nusselt numbers. Again the 2 in (5.2b) has been chosen for later
computational convenience, but has been motivated by Appedix A.



Beuscheret al. 5.2

With (5.2a) replacing (4.6a), (4.16) is replaced by

%(x; 0) = ¢, Uo(x; 0): (5:3)

Solving (4.17) on the left subject to (3.13b) and (5.3), we hae
ul=f(x)(y 1)+1

@b, _
—@y(x,O)—f(X)—Cu[l f (x)]
_ Cu
f(x)= ey
Lo ov_ Gy 1) _ 1+ aqy, . .
ueyv)= Tre T i 2 X b (5:4)

Note that the concentration always remains positive becaus the ux shuts o with zero
concentration.

In this case, we need no perturbation series on the right. The we may solve (4.17)
in the middle subject to (3.13a) and (5.3) to obtain
u™ = f (x)

@b A=
@(X, 0)=0= af(x)

f(x)=0
um™(x;y)=0; 1 x O (5:5)
Note that here the oxygen concentration is zero because we arnot trying to force any

oxygen through the GDL under the cathode, since it can't di u se through the wall.
For later computations, it is convenient to note that

@u & .
6y(x, 0)= 1 o (5:6a)
@b .. :
@(x, 0)=0: (5:6b)
The discontinuity about x = 0 forces an O(1) internal layer, so now we let
u(x;y) = u'(z;y): (5:7)
Substituting (5.7) into (4.1), (5.2a), (3.13a), and (3.13b), we obtain, to leading order,
@u @u .
LG (58
%:/(Z;O) = cuu'(z;0); (5:9)
u'(z;1)=1; z<0 (5:10a)
@u

6y(z; 1)=0; z>0: (5:10b)
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The remaining conditions are given by matching to the outer ®lutions:

i 1+ cuy
i . — | . — .
u(l ;y)=u( 1.y)= Tro

u'(1;y)= u™( 17;y)=0: (5:11b)

(5:11a)

The system (5.8){(5.11) is essentially a potential problemin an in nite strip. The so-
lution is more complicated to do analytically. However, this is written down mostly for
completeness; the real behavior we wish to examine is in theuter regions.

Figure 5.1. Contour plot of oxygen concentration.

Figure 5.1 shows a contour plot ofu using the full equation (4.1) and the parameters
in Appendix A. Note the nearly horizontal contours on the left, showing that u is very
nearly a function of y only, with correction terms at O( ). Since this is smaller than the
size ofu in the internal layer, our contours are no longer horizontal Because our value for

is 0.2, the internal layer behavior is smeared out a bit. Notethat negative concentrations
are no longer a problem.

Substituting (5.4) and (5.5) into (5.2c), we have the following conditions on T, which
replace (4.6¢):

@t, Cr
@07 1rg

%T;(x; 0)=0; 1 x O (5:12b)

; 2 X 1 (5:12a)
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Again, we may solve the problem in strips. Since (5.12a) is ofhe same form as (4.6c), on
the left we have that

oY), 2 x 1 (5:13a)
1+ ¢,

T'(xy) =
In the middle, we note that with (3.11a) and (5.12b), the solution is exactly zero:
T"(x;y)=0; 1 x O (5:13b)

Equations (5.13) replace (4.9).
The discontinuity about x = 0 forces an O(1) internal layer, so now we let

T(x;y)= T'(z;y): (5:14)

Substituting (5.14) into (4.3), (5.2¢), (3.11a), and (3.11b), we obtain, to leading order,

aTr et _ . ,
@+_@—9 =0; (5:15)
%(Z;O) = cru'(z;0); (5:16)
Ti(z;1)=1; z<0 (5:17a)
Ti(z;1) =0; z> 0 (5:17b)

The remaining conditions are given by matching to the outer ®lutions:

T(1 5y)=T( 1;y)= ch(ii%y)Jrl; (5:18a)

T'(1:;y)=T™( 1";y)=0: (5:18b)

The system (5.15){(5.18) is essentially a potential problen in an in nite strip. The so-
lution is more complicated to do analytically. However, this is written down mostly for
completeness; the real behavior we wish to examine is in theuter regions. Note that u'
is coupled to this problem through (5.16).

Figure 5.2 shows a contour plot of the temperature using thedll equation (4.3) and the
parameters in Appendix A. Note the nearly horizontal contours in the left regions, showing
that the temperature is very nearly a function of y only. As expected, the temperature on
the right is O( ), re ecting the presence of the interior layer.

Consideration of v is slightly more complicated. Substituting (5.4) and (5.5) into
(5.2b), we have the following conditions onv which replace (4.6b):

2
%Y}x; 0)= “ . 2 X 1 (5:19a)

1+¢c,’
%v;(x;O)zo; 1 x O (5:19b)
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Figure 5.2. Contour plot of temperature.

But then the system for v is the same as the system fou with ¢, 2 replacing ¢, in the
right-hand side of the boundary condition (5.6a). Thus on the left we have

o 21 y).

2
B G S : 2 x 1 (5:20)

Iy —

where we again treat the ux at leading order because it is posible for us to do so.

To obtain the leading order of v™, we look at the entire domain in the limitthat ! 0.
In that case, (5.19a) also becomes a no- ux condition. Thus w have Laplace's equation in
a totally insulated box subject to (3.15b), the solution of which is v = 1 everywhere. This
agrees with the leading order of (5.20), and it provides the @éading order in the middle:

vil(xy)=1: (5:21)

Figure 5.3 shows a contour plot ofv using the full equation (4.2) and the parameters
in Appendix A. Note the nearly horizontal contours on the left, showing that V is very
nearly a function of y only, with correction terms at O( 2). Since this is smaller than the
size ofv in the internal layer, our contours are no longer horizontal Because our value
for is 0.2, the internal layer behavior is smeared out a bit. As epected, v in the entire
region is within O( ) of 1.

Figure 5.4 shows a contour plot ofS, calculated numerically in Matlab from the full
equations and the parameters in Appendix A. Note that the GDL is saturated everywhere.
The form of the graph is much the same as in section 4; only the mximum of S has been
reduced somewhat.
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Figure 5.3. Contour plot of water vapor concentration.

Figure 5.4. Contour plot of saturation.



Section 6: No Liquid, Convection Included

With a pressure di erential included, we must now consider the entire domain 2
X 2. Substituting our scalings (3.6) into (2.14){(2.19) and picking out the pressure

terms, we have

(@l .
—(x;1)=0: X| < 1
@y( ) JX]

I:)| PrPI(X; 1)+ P|+ PI’

2

= P 2 X

P'(x;1)=1;
I:)I I::'r I:)I‘|' I::'r _

P'(x; 1) +
PTG 1)

We assume the following perturbation expansion inP:

P(X;y; )= Po(X;y)+ 2Pa(x;y)+ o ?):

Substituting (6.4) into (3.7), (6.1b), and (6.1c), we have
, @(Po + Py) N @(Po + Py) -0

@3 @y
@Po _
@—9 =0;
@P, _  @Po.
@y @R’
PO(x; 1) =1;
P(x;1)= 1L

(6:1a)

(6:1b)

(6:1c)
(6:2a)
(6:2b)

(6:3)

(6:4)

(6:5a)

(6:5b)

(6:6a)
(6:6b)

The remaining no- ux conditions on the pressure [(6.1a), (62), and (6.3)] hold for both

orders, so we do not write them down here.

On the left, we may solve (6.5a) subject to (6.3) and (6.6a) toyield

o8
@y

Po(Xy)=1:

(6:7a)
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Substituting (6.7a) into (6.5b) and integrating subject to (6.3), we have

@P) _

@y 0
@_I%) = . "
ol (6:7b)

Similarly, on the right we may solve (6.5a) subject to (6.3) and (6.6b) to yield

Po(x;y)= 1L, (6:8a)
@B _,. .
3y 0: (6:8b)

Since we must matchP{" to the solutions on left and right, (6.7a) and (6.8a) provide the
following new boundary conditions on the middle problem:

Po'( Ly)=1; Pg(Liy)= L (6:9)

In the middle, we may solve (6.5a) subject to (6.1a) and (6.3)to yield

@F _ .
ay 0 (6:10)
Po (x;y) = fo(X); (6:11a)
fo( 1)=1; fo(l)= 1, (6:11b)
where the boundary conditions come from (6.9).
Substituting (6.11a) into (6.5b) and using (6.1a) and (6.3), we obtain
@P _ <o
@? - fO((X)
P
2L 1y (6:122)
g
%(x; 0)=fdx)=0: (6:12Db)

Solving (6.12b) subject to (6.11b) and continuing to simplify, we obtain

fo= AX+ B
A+B-=1
A+B=

fo=

Pl (xy)= x (6:13a)
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Integrating (6.12a), we have
P (x;y) = fa(x); (6:13b)

where f ,(x) would be determined from the next order in the perturbation expansion.
Upon examination of (6.7a) and (6.13a), we see that there musbe a layer in the
derivative in order to match the two solutions together. Therefore, we let

P(x;y)=1+ P(z;y): (6:14)

When we substitute (6.14) into (3.7), (6.3), (6.1b), and (6.1a), we obtain, to leading order,

e, @r |
o7 ey =" (6:15)
@P _ . _.. .
@(Z,O)—O, (6:16)

1+ Pi(z;1)=1; z<0
Pi(z;1)=0 (6:17a)
@P .\ _q. . .
@y(z,l) =0; z> 0 (6:17b)

The remaining conditions are given by matching to the outer ®lutions:

1+ PY(1 ;y)=P'( 1:y)=1

Pi(l y)=0; (6:18a)
epr . _ @F .

@1 'y) = @( 1y)

QP . \_ 4 .
g lm= t (6:18D)

The system (6.15){(6.18) is essentially a potential problen in an in nite strip. The so-
lution is more complicated to do analytically. However, this is written down mostly for
completeness; the real behavior we wish to examine is in theuber regions. For this rea-
son, we do not write down all the equations for the similar internal layer that would be
necessary aboutx =1, P = 1.

Now we couple the pressure results back into thar and v equations. As a practical
matter, the temperature equations would be una ected, sin@ we calculate those solutions
to leading order and don't concern ourselves with the next-oder correction.

For u and v, if we use the boundary conditions in section 5, we would alsmot see
a large e ect, since in that case we only compute leading ordesolutions in the left and
middle. On the right there would be some e ect because (3.13cand (3.15c) require
tracking to O( 2). If we were to use the conditions in section 4, then the consiency
equations such as (4.20b) and (4.25b) would change. But as etwn in section 4, those
boundary conditions in section 4 can lead to negative conemations in certain situations.
Therefore, further work should proceed with the boundary canditions in section 5.



Section 7: Two-Component Gas
Diffusion: Derivation

We now wish to consider the e ects of more complicated di usive processes on our
model. Here we follow some of the basic descriptions in [5]. iist, we assume that the
permeability of the GDL to gases is now given by

o1 W)%; (7.1)

where the value of 4§ used is the same one as in previous sections where the perméd
was assumed constant. For our purposes we will tak&/ to be a constant.

Second, we replace standard Fickian di usion in equation (24) for the oxygen with
the following:

r D,Gr — Vg =0; (7.2)
where G is the molar density of all the gases together. In reality, the three main species are

oxygen, water vapor, and nitrogen. For the purposes of this sction, however, the nitrogen
is irrelevant, so without loss of generality we may take

G=Hd+~: (7.3)
We may simplify (7.2) by inserting (2.11) and the ideal gas lav to obtain

r D,Gr b ﬁrp =0

r D,Gr + ﬁur (GRT) =0:

Qlg Ol

If we moreover assume that the system is isothermal, we may puthe temperature out of
the gradient to obtain

RT
r D,Gr < o+ _9(RT

G

For the water vapor v, we have a similar equation once we ignore evaporation and oden-
sation:

or G =0: (7.4a)

r D,Gr + ﬂ\ﬁ G =0: (7.4b)

O QO <

If we moreover assume thatD, = D, = D, then we may sum (7.4) to yield

+
r par Y 4 g( )RT

(t+¥)rG =0

1 _12 2\ —
ér Gr G —ér (G9)=0

@G—2+ @G—Z_
@ @

0: (7.5)
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Next we wish to write (7.4a) in more detail. We begin by de ning the new variable

r= . (7.6)
G
where | is the volume fraction of oxygen. (Note that with this convention, should really
be denoted as . However, we use to agree with the literature.)
The motivation for the scaling is as follows. In the left chamel, the value of G is given
by the characteristic value G;:

G(xh) = Gy; 2d x d; (7.7a)
and the concentration of oxygen is then given by
g(x;h)=u = (G 2d  x d; (7.7b)

Combining (7.7) to form a boundary condition for the dimensionless variabler, we have
that
r'(x;)=1; 2 x 1: (7.8)

Substituting (7.6) into (7.4a), we obtain

r DGr ( . r)+ ﬂ(G JNr(G) =0
r DGrr+ @rr (G% =0
" ! I#
@ .er @ @ _ J()RT @ & AL @ & _..
e e '@ e T2 e '@ '@'@ ¥
(7.9)
To scale (7.5) and (7.9), we let
2 (e
wm:Ggw: (7.10)
|
Substituting our scalings in (3.6a) and (7.10) into (7.5) and (7.9), we obtain
G? @s G @s _ 0
@R 2 @9
2 @s  ds _
—)% @3 =0; (7.11a)

G @ ps@r G @ ps@l’
&2 @x @x h2@y @y
G )RT G @ @s+_|2@ [@s _,
2 & @x @m h? @y @y
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@ p_@r @ p-@r 1 @ @s @ @s
% @x “ex @y S@y "2 ex'ex @y r@y 0i (7.11b)
_ g()RTG,

Here we use the subscripG to note that the Reclet number here is based on the total gas
concentration, not one species. This de nition of Pe; agrees with the de nition of Ry in
[13].

For boundary conditions, we note that without an imposed pressure gradient, we are
in the geometry of Figure 4.1. Thus symmetry forces the follaving conditions, analogous
to (3.14a) and (4.4):

%t(( 2,y)=0; (7.13a)
9% 2y=o0: (7.13b)
%(o;y) = 0; (7.143)
%g';(o;y) . (7.14b)
Similarly, the conditions at the wall are also similar to (3.13a):
%F;(x; 1) =0; 1<x< O (7.152)
%g;/(x; 1)=0; 1<x< 0 (7.15b)

At the exposed channel, from (7.7a) we have that
s(x;1)=1; 2 x 1: (7.16)

To obtain the conditions at the reacting surface, we use the easoning behind the
derivation of (5.1), namely that the ux should be proportio nal to the reaction rate, which
is proportional to the concentration of oxygen. However, the uxes are now given by the
expression in (7.4), so the boundary conditions oru and v become

" #
@ u o )RT @ . _ . O)-
"DG@ = + u@#(x, 0) = €,t(¢ 0); (7.17a)
_@) v g( )RT @ CO) = . Ay
DG@ = + 7\7‘@ (¢, 0) 26, &(%; 0): (7.17b)

Note that since the membrane is permeable, the velocity theg is nonzero. Summing (7.17),
we obtain the same type of cancellation for the di usive ux as in (7.5):
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oORT G% (%0)= e(r vG)(x;0)
G @5)5 A €u .
nay* 9T ORT X0
Siv.qy- &h D e S .
@y(x, 0) = D 4()RTG, ur(x;0) = Pes ur(x; 0); (7.18a)
where we have used (5.2a) and (7.12). Rewriting (7.17a) in tens of r, we have
" #
D.@ ur) . 4()RT @ - O\
7 G Qy e uGr)@ (% 0) =€, ( uGr)(x; 0);

@r, o )RTG @5
@y D @
@r Cu u

— +Pegr

@y Pes

(0= % r(x; 0

r (x0)= cr(x;0);
%3X:0)=cu(r+ ur?)(x0);  (7.18b)

where we have used (7.18a).
In order to simplify the analysis that follows, we introduce the additional parameter

_Ci u
m = Pes (7.19)
into (7.18), yielding
%f/(x; 0)= mr(x;0); (7.20a)
1 @ . C uy T 2 Ay r 2 PNV
Pec @ X; 0) = Pes —u+ r< (x;0)=m —u+ r< (x;0): (7.20b)



Section 8: Two-Component Gas
Diffusion: Asymptotic Solution

One-dimensional case. We begin by considering the one dimensional (1D) case
( =0). Inthis case, we ignore the conditions at the wall and ingead focus on the channel.
Thus we substitute this assumption into (7.11), (7.16), (720), and (7.8) to obtain

s(1)=1; (8.2a)
&(O) =  mr(0); (8.2b)

dy 7~ ’ '

d p_dr 1d ds
1 9 ar ¢ 6 _,.

Peg dy de + > dy rdy 0; (8.3)
r(l)=1; (8.4a)
LA m Tz (o) (8.4b)

Peg dy u ' '

Asymptotic solution. Though an exact solution for the one-dimensional case is

derived later in this section, we wish to solve the problem agmptotically to illustrate how
the procedure might be used for a more complicated two-dimesional problem.
Since on the cathode side, Pg' 1, we expand the solution with respect to Pg,! as

s(x;Pes) = so(X) +Peglsi(x)+ 5  r(x;Peg) = ro(x)+Peglri(x)+ : (8.5)

The algebra will proceed more smoothly if we recall the follaving result:
S

— - Pe.ls _ Pe.ls
so+Peelslzpso 1+§71=pso+ Eﬁsfl+ ; (8.6)
0 0

q

We wish to obtain the leading order solution for both r and s. As shown below, that
will necessitate keeping additional terms in thes equations. Thus we substitute (8.5) into
(8.1){(8.4), keeping the necessary orders:

dZSo AL
v (8.72)
d251 AL
v (8.7b)

So(1)=1; (8.8a)
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s1(1) =0; (8.8b)
d p_ Pe:ls; 1
3 St —F— (0)= m(ro+Pes'r1)(0)
y 2" 59
p__
d" s
dy" (0)= mro(0) (8.9a)
d S1 _ .
dy EF’?—O (0) = mry(0); (8.9b)
d p__drg 1d dsg ds; dso
1Y “o - Y =0 1 uol 0 —
Peg dy So dy + 2dy o dy +Peg™ ro dy +rq dy 0
1d ds, ..
2dy rod—y =0; (8.10a)

d p_%+1 rdsl+ dso

d_y So dy é Od—y rld—y :0, (810b)
ro(1) =1; (8.11)
1 d(ro+Peg'ry) ro+Peglry 1w

O)=m ———=——=+(rg+Pe,r 0

P dy 0) - (ro g r)* (0)
mr o i+ ro (0)=0; (8.12a)

u
m " e2rn = 90): (8.12b)
u dy

(Note that in (8.11) we have kept only the leading-order term, since it is the only ones
needed for the analysis.)
If we recall that ro cannot be negative on physical grounds, (8.12a) reduces to

ro(0)=0; (8.13)
in which case (8.9a) becomes D
d sy, .
dy 0)=0: (8.14)
Solving (8.7a) subject to (8.8a) and (8.14), we obtain
So=1: (8.15)

If we substitute (8.15) into (8.10a), we see that it is automdically satis ed, so the deter-
mination of ro must wait until the next order.
Substituting (8.13) and (8.15) into (8.10b), (8.9b), and (8.12b), we obtain

d2r0 + 1d dS]_

@2 oy Py O (810
:_LE(O)— mr 1(0); (8.17a)
2dy "’ 1= '

murl(O) - %—?(0): (8.17b)
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Combining (8.17), we have

1 dS]_ dl’o

Ed—y(o) = ud—y(O): (8.18)
Solving (8.7b) subject to (8.8b) and (8.18), we obtain
_ dl'o ]
s1= 2y dy O)(y 1) (8.19)
Substituting (8.19) into (8.16) and solving subject to (8.13), we have
d2r0 dro dl’o _
&2 dy Dy 0
dl’o dro dl’o

d—y UW(O)rO d—y(o);

1 dro
rp= — ex —(0 1:
0 - p udy()y

Then substituting y = 1 into the above and using (8.11), the full expressions can b
obtained:

. 1 dro .
ro()=1= — exp UW(0) 1:

u

gL+ W)= W20
ro(yy= & w1 (8.20a)
si(y) = 2log(1f W@ y): (8.20b)
Thus the asymptotic solution to these orders is
()= EF w1, O(Pegh); (8.21a)
s(y)=1+2 Iogu(l + W@ y)Pesl+ O(Pes?): (8.21b)

It is interesting to note that the zeroth order solution for t he relative concentration of the
reactant r (oxygen) is not a constant.

Comparison to the exact solution. For the one-dimensional case, we may solve the
problem exactly as follows. Solving (8.1) subject to (8.2a) we have
s=1+2As(y 1) (8.22)

where Ag is an undetermined constant. Substituting (8.22) into (8.3) and integrating, we
have

p_dr
Peg? Sd_y + Agr = A,
dr A A, A
Pe.l +rp2=""Qps: 8.23
% ay " PsT APS (8.23)
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Upon noting that

p
d's) 1 ds_As.
dy - 2sdy Ps (8:29)
we may evaluate (8.23) aty = 0 to obtain
P P
dr d(" s) A d(" s)
1 ar - Ar
Pec’ gy @+ 1=~ ©= 2=
m w12 0 mr20)= 2 mn))
u AS
A, 1
— = — 8.25
A. - (8.25)
where we have used (8.2b) and (8.4b).
Substituting (8.24) and (8.25) into (8.23) and integrating, we have
d r exp Per§ = ié?ap_&exp Per§
dy u S
r= i+ 1+ 1 exp Pes(1 p§) ; (8.26)
u u

where we have used (8.2a) and (8.4a). To solve fa, it is more convenient to consider the
guantity

s(0)=1 2Ag; (8.27a)
thus writing (8.22) as
s(y)=1+[1 sO)l(y 1): (8.27b)
Substituting (8.26) and (8.27b) into (8.2b), we have
p_
d s 1 s(0) m 1 P——
—(0) = —— = mr(0)= — m 1+ — exp Pes(1 s(0
dy (0) m (0) - - exp e ( (0)
Q@ 1o 1, 9il e pest SO (8.28)
2m S(O) u u

To check with our asymptotic results, we examine (8.28) for &rge Pes. If s(0) < 1,
the left-hand side is negative while the right hand side is lage and positive. If s(0) > 1,
the left-hand side is positive while the right-hand side is regative. Thus we must have that

s(0)=1+2Pe 'B+ (8.29)
Substituting (8.29) into (8.28), we have, to leading order,

Pe;'B 1 1
T - S+ 1+ — expPes(l (1+Peg'B)
u u
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1=( ,+1)e B
B =log( ,+1)
s(y) 1+[1 (1+2Pes'B)[(y 1)=1+2Peg'log( ,+1)(1 y); (8.30a)
q

r(y)

1st exp Peg(l 1+2Pegtlog(  +1)(1 y))

iu[ 1+( y+1exp( log( o +1)(1 )
(,+1)y 1_( o t1)Y 1

u u

(8.30b)

Note that (8.30) agree with (8.21).

Two Dimensional Case. We could look for asymptotic solutions of the 2D case by
expand the solutions in Pg;' as in the 1D case:

s(x;y)= sp+Peglsi+ i r(xy)= ro+Peglri+ (8.31a)

However, if we are interested only in the leading order behawr, we can use a \quick and
dirty" transformation motivated by (8.21b):

s(x;y) =1+Pe s's;: (8.31h)

Substituting (8.31) into (7.11), we have, to leading order in PeGl,

@s; | @s:
2@S1 | @S _ ..
@x @y

(8.32a)
1 2@ @ [ @ @ Pl ,@ @5 @ @

=2 4 = =0

P =9 =~ =9 =2
%  @x @x @y @y 2 @x “@x @y ‘@y

2@, @0, 1 ,@ @ , @ @8 _
= ~ = - = — Ig— + — fog— =
@ @Y 2 @x ©@x @y - @y
(8.32b)
The boundary conditions at the endsx = 0 and x = 2 are exactly as given in

(7.13) and (7.14) with the appropriate numerical subscript for each function. Similarly,
the conditions at the wall are the same as in (7.15). For the bandary conditions at the
channel and the GDL, they are exactly the same as in the one-diensional case, namely
(8.13), (8.18), (8.11), and (8.8b):

@b, .
u@y(xl O)
ro(x;1)=1;  si(x;1)=0; 2 x L

‘m—n. l1@s . _
ro(x;0) =0; é@y(x,O)—
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Remark 1 . We note that the leading-order equation (8.32b) derived almve is slightly
simpler than (7.11b). More importantly, we have eliminated PeG1 from the equations.
Note also that m is also absent from the boundary conditions and the only remaing
small parameter is .

Remark 2. We could further simplify the problem by expanding the solution with respect
to . Itis easy to see that the solution will be quasi-1D forx < 0 and x > 0. However,
near x = 0, we will have to solve the full 2D problem.



Section 9: Considering the Liquid

Since the transport of liquid water in the porous matrix is of central importance to the
problem, we examined this transport problem in isolation without giving consideration to
the gas phases, save that gas occupies the space not occupbgdiquid water. The resulting
system has the advantage of incorporating most of the intersting features of this problem
(speci cally, thermal and liquid transport). At the same ti me, the solution is driven by
a small number of known and unknown material parameters. Th, a good calculation
of this reduced problem may provide some tools for exploringnaterial parameter regimes
and provide valuable inputs, such as the location and amounbf liquid water in the matrix,
to those studying the interdi usion of the various gas phases.

At equilibrium, v is uniform. Substituting this fact into (2.8) and solving, t he equi-
librium vapor content is computed to be

Voq = ex ——
. Y, P R T()

; (9.1a)

where the subscript \eq" stands for \equilibrium" and the su bscript O pertains to char-
acteristic values. For the numerical calculations, it is mae convenient to consider the
equilibrium vapor content as a volume fraction. Therefore,we de ne

V;eq = —. (9.1b)

To select the parameter value ofvgg, we choose g = 10 2 and Ty = 353 K to model
the conditions of the humidi ed channel above the GDL. The temperature is chosen to
represent the channel temperature supplied by Gore (353 K)The vapor content is chosen
somewhat arbitrarily to represent the fact the gas in the channel is fully saturated.

Then substituting (9.1b) into (2.7) and (2.9), we obtain

E
© O] exp é vGi vieq =0; (9.2a)
h [ Ea
r R()rT L exp AT vGl vieq =0; (9.2b)

whereR( ) is given in (2.10).
Having D (0) = 0 as is the case in (2.3b) presents computational di culties because
= 0 on portions of the boundaries, necessitating very steep bundary layers there. For
this reason, we choose to regularize the problem slightly byntroducing a small regular-
ization parameter into (2.3b):

D()=A +1 eB P (9.3)
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T=Tm T=T;
qy = a=q,
= 0 : TX:
= : qX_
T=T
3
q-=4d3
Figure 9.1. Schematic of numerical problem.
Parameter Value Parameter Value
B 5 Tm (K) 353
Ea (J/kg) 4:.07 10*| T, (K) 353
ke (Wm K 1) 03] v (s 1) 4:7
k Wm K 1) 067 (s 1) 341 10
p 1| L (Im?3)|407 10
Tz (K) 355| 3 0
r 0
Table 9.1. Parameter values for numerical simulations.
If B in the physical domain, we expect and obtain linear behavior Calculations

in the nonlinear regime where B would provide some insight into how the material
properties a ect liquid water transport in the GDL. Hopeful ly, asymptotic modeling of the
boundary would best inform computations in regimes where B , but this is beyond
the scope of this workshop.

The geometry of the problem together with the boundary condiions are shown in
Figure 9.1; the parameters used are listed in Table 9.1. Vales of T and were supplied
by Gore. The choice of ; and 3 is motivated by (2.16e) and (2.19b). The rationale for
this is that there should be no liquid water on the membrane am any liquid water at the
channel interface is wicked away. With regard toD ( ), we chose the values oB and p
for historical reasons.

We used a Chebyshev discretization of the spatial domain. Fothe steady calculations,
we performed Newton iterations to reduce the residuals of (2) to a specied tolerance,
at which time the approximate system is considered solved.

Our computations focused on the impact of the (unknown) mateial properties of the
GDL and how these would a ect moisture transport. It is impor tant to appreciate that
the scales used for are not relevant in these calculations because the GDL's matrial
properties have not been characterized. The only issue we plore computationally is

0
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Temperature Liquid x 10"
0.2 0.2
354.5
354
0.15 0.15
353.5 o
—
1
b
352.5 S
1
0.05 352 0.05 <
351.5
0
0 0.5 1
X
Temperature
0.2 0.2
354.5
354
0.15 0.15
353.5 s
—
1
™
352.5 S
1
0.05 352 0.05 <
351.5
0
0 0.5 1
X
Temperature
0.2 0.2
354.5
354
0.15 0.15
353.5 9
—
1
o
352.5 S
1
0.05 352 0.05 <
351.5
0 0
0 0.5 1

X X

Figure 9.2. Spectral computations of (9.2), the hydrothermal equilibrium in GDL. All
guantities used for the calculation are known physical congants or parameters supplied
by Gore. The only unknowns areA, p, , and B, which characterize our model hydraulic
di usivity. The rst gure is essentially linear since vari ations in  have little impact
on D . As decreases, nonlinear behavior becomes more pronounced topaint where
the di usivity varies by a factor of two depending upon the moisture content in the last
calculation ( =10 ).
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regimes where the presence of liquid water e ects insigni ent or signi cant change in the
liquid di usivity. Thus, di ering magnitudes of should be considered relative to the size
of D .

For all experiments, we maintained A at a constant value of 10 . In all cases, we
expect the liquid water content to remain small, roughly 10 7 at its peak value. The
key issue is to explore the impact of nonlinearity on this prdolem. We found that that
the nonlinearity in Richard's equation through D is signi cant if we consider solutions for

=10 3,10 4 and 10 °, as shown in Figure 9.2.

We see that the material nonlinearity can have a substantialimpact on the distribution
of liquid water throughout the GDL. When water condenses in the linear regime ( =10 3),
moisture forms in a horizontal band, possibly obstructing the ow of gas to and from the
membrane. On the other hand, in the nonlinear parameter regine ( = 10 4;10 %), we
see that liquid water remains con ned under the carbon plating, leaving a clear passage
for gas ow. In all calculations, we observed little or no impact on thermal transport.



Section 10: All Phases Together

This section considers the case where both liquid water and ater vapor are present
together. The model in this section is a simple one|de nitel y not the last word in de-
scribing water in the GDL. Throughout this section, pressure is assumed constant and no
convection is allowed. Thus we may reduce our domainto 2 x 0 as in sections 4 and
5.

In addition, (4.1){(4.3) can be taken as the starting point f or the system of equations
modeling the interior of the GDL. There are, however, two things that must be changed
to handle the presence of liquid water: rst a new equation mwst be added describe the
transport of liquid water, and second there must be a sourcegink term that describes
how water condenses/evaporates. The new equation is basita(2.7), but the source/sink
term is somewhat di erent from what was presented earlier. The source/sink term used
here is that used in [13]; condensation/evaporation is proprtional to S, where S > 0
(oversaturation) implies condensation andS < 0 (undersaturation) implies evaporation.

As described above, the equations for the temperature and @gen concentration do
not change, so we use (4.1) and (4.2):

, BT @T .
@J'@—ff_o' (10:1)
@u @u .
Z@Jr @y =0 (10:2)

The equations for the water must now be augmented by the condesation/evaporation
term as follows:

@v av _ _ ,
2—@£+ @7 S: r (10:3)

,@BW @W _ . .
=z @7 - s Y (10:4)

where S(v; t) is given by (4.40),  is the density of water vapor and is the proportionality
constant. Further derivation of the form of (10.4) may be found in [13].

The boundary conditions for T, u and v are the same as in Section 5. Sinc®/ is
simply proportionalto , we see from section 2 that there are no- ux conditions everwhere
except atthe inletchannel (y =1, 2<x< 1);atthisinlet W = 0. These conditions are
consistent with only water vapor being created at the CCL/GDL interface, and therefore
that liquid water is created only by condensation inside the GDL. Since any net creation
of liquid water in the GDL must be balanced by an outward ow somewhere, one would
expect there to be at least a small amount of liquid owing out of the channel.

Since the equations and boundary conditions that describetie temperature and oxy-
gen are unchanged from those in Section 5, the temperatureT() and oxygen (u) pro le
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Figure 10.1. Saturation when both liquid water and vapor are present.

in the GDL are also essentially unchanged (they change only écause of the presence af
in the boundary conditions at the reaction interface). The possibility of converting water
vapor into liquid water causes the saturation to be signi cantly reduced, and the nature of
the pro le to change. Indeed in Figure 10.1, one can see thatyunlike any of the previous
cases, there is now a region in the GDL away from the channel @& the CCL where the
GDL is under saturated. Also the region of greatest saturaton is now just under the chan-
nel inlet; this is due to the 100% vapor saturation of the inle gas. The vapor (v) pro le in
Fig. 10.2 is also changed since vapor is now owing into the GID both from the channel
inlet and from the reaction interface, while the conversionof vapor into liquid water in the
interior of the GDL leads to a minimum in the vapor prole near y =0:5 for x < 0. The
liquid water volume pore fraction (W) is in fact very slight; in Fig. 10.3, at a maximum
only about 1.65% of the pore space is occupied by liquid waterThis level would seem well
below what would cause a transport problem for oxygen acrosthe GDL.

Additional mathematical work on this combined liquid/vapo r problem is needed to
better understand these numerical results. However, we na that since the problems for
T and u do not change and essentially can be solved separately, sorasymptotic results
may be possible.
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Figure 10.2. Vapor concentrationv. Notice the trough neary =0:5, 1<x< 0.
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Figure 10.3. Liquid water pore volume fraction W. This fraction is everywhere under
1.7%.



Section 11: Conclusions and
Further Research

In this report, we have summarized a variety of ndings emergng from dierent

subgroups within our team. First, we have produced a detaild asymptotic picture of
gas and heat transport in the dry regime. Second, we have pesfmed some analysis of
two-gas phase interdi usion in the GDL, which allows us to track both gaseous species
simultaneously.

Third, we have performed computations of hydrothermal transport to try to under-

stand the role of the material properties on the liquid water and heat transport. Finally,
we present calculations of both liquid and vapor phase watein the GDL.

Upon examining the results these di erent approaches, we oer the following conclu-

sions:

1.

The thermal distribution across the GDL is driven entirely by the temperature bound-
ary conditions. No team found any physical process that woul substantially alter the
heat transfer properties of the GDL. One possible exceptiomvould be signi cant water
buildup in the layer, but this is an undesirable regime for other reasons.

. Liquid water accumulates under the carbon plating rst. T his comes as no surprise

since the carbon plating is impermeable to liquid water, but every avenue of investi-
gation con rms this fact.

We o er the following suggestions and recommendations:

. From both an analytical and computational perspective, the problem can be reduced

by decoupling the heat transfer problem entirely. That is, gven complete boundary
data, one could solve the heat transfer problem without any onsideration of liquid
water or gas transport. Then this solution can be used as an iput to other processes
in the GDL. This simpli es the modeling considerably and is justi ed by the work

contained in this report.

. The asymptotic solutions determined in this report may beused to inform numerical

schemes or analyses in extreme parameter regimes where teervould be sharp layers
near the boundaries.

. Our simulations suggest that the material properties of he GDL could have a huge

impact on how liquid water is stored in the layer. Thus, it is essential that some ex-
perimental understanding of moisture-dependent transpot in the GDL be developed.

Directions for future research:

. The next obvious step would be to improve the liquid/vapor phase water transport

model, and take our own advice above to treat heat separatelyas an input. The vapor
equilibrium assumption can easily be relaxed to follow moreclosely the approach of
Philip & De Vries.

. Since the GDL is a component of a larger fuel cell system, # interdi usion of gases

requires more e ort and attention.



Appendix A: Parameter Values

Here are the values of the relevant parameters. First we wrié¢ down the dimensions
of the device:

h=0:02 cm (A.1a)
d=0:1cm: (A.1b)

Thus we have that h
= g =0:2 (A.2)

Next we focus on the temperature. We have

Tm =353 K; (A.33)
T, = 355 K; (A.3b)
W
— 3 .
ke =3 10 ° (A.4)
W
o =0:3_5: (A.5)

Substituting (A.1a) and (A.3){(A.5) into (4.6c), we have

: 2y /.

The di usion coe cients for the gases can be estimated:
Py :o;zg; (A7a)
Pv=02 ?1 (A.7b)

To calculate u; and v, we rst note that the pressure in the left channel is

PI=lam=1:013 10°- g (A.8)

m se@’

Then using the ideal gas law, we have thatG,, the molar density of all the gases together
in the left channel, is given by

P 1latm
RT,  (82:05 cm® atm/mol/K)(355 K)

|
G = =3:43 105 %: (A.9)
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Then given that the molar fractions of oxygen and water vaporin the channel are given

by
u = 0:105 v =0:5

we get the molar densities in the channel that we desire:

05 mol mol

— —_ . . —_ . 6
u= yG =(0:105 343 1 e 3:60 10 pmec (A.10a)
_ — /- . s mol s mol
v= G =(0:5 343 10 el 1:72 10 pymect (A.10b)
We also have values for the uxes:
mol
=26 10° : A.11
6 =2:6 10 °———; (A11a)
mol
=5:2 10 ° : A.11b
& . ( )

Substituting (A.1a), (A.7), (A.10), and (A.11) into (4.6a) and (4.6b), we have values for
the dimensionless uxes:

, e&h _ (226 10 ®mol=(cm? s))(0:02 cm)

L Duu (0:2cn?=s)(3:60 10 8 mol/cm?®) =722 105 (Al2e)
4 o el T ey T2 0% (A1
= %2)1202 =7:55 10 % (A.13b)

For €,, we have the following value:
& =o:7%: (A.14)
Therefore, from (5.2) we have

euh _ (0:7cm/s)(0:02 cm)

= = = . 7 Al
G D, 0:2 cn?=s 0:07, (A-15)
o _ 2eyuh _ 2(0:7 cm/s)(0:02 cm)(360 10 6 mol/cm ®) _093 10 2
Dvvi (0:2 cm=s)(1:72 10 5mol/cm?) ' ’
(A.16a)
_ 293 102

027 =7:33 10 % (A.16b)
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To calculate ¢y, we must examine the reaction to see the energy produced. Thirmula
is given by
. 06 vV
er = (€,) (4 electrons=reaction) F 5
Here F is Faraday's constant, 0.6 V is the potential in the device, aad we divide by
2 because we assume that half the heat goes back into the GDL, hWe the other half

remains in the CCL. Using our values, we have from (5.2c) that

& = 0:7% % 12Vv)=8:11 10° ng’lm:
o = eruh _ 811 10°W cm/mol  (0:02 cm)(3:60 10 ® mol/cm®)
Re(Ty  Tm) 3 10 3W/(cm K) 2 K
=9:73 10 % (A.17)

For the convection work, we also need the pressure in the righchannel:

g

P, =1:012 10° —: A.18
' cm se@ (A.18)
Thus we see from (2.16c) that
P P 1:013 1:.012
2 _ Ir I _ - Q- 4
= =5 = Tois - 987 10 (A.19a)
9:87 10 4
= 27 =2:47 10 % A.19b
(0:2)2 ( )
We were given that
g =10 ¥ m?=10 ®cm* (A.20)
We may nd values for the viscosity in [13]:
k
=224 1059 =204 1049 . (A.21)
m s cm s
so from (3.8b) we have that
pe = o(P P _ (10 8 cm?)[(1:013 1:.012) 1P g/(cm &%)]
S 2D . 2[224 10 4 giicm s)D,
_ 2232cnf=s 1
= oo CL112 10% (A.22)

SinceD, = D,, we see that Pg§ = Pe,.
To calculate Pes, we must rst have a typical value for W, which we obtain from [13],
where it is denoted as :
W =0:1: (A.23)
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Substituting the values from (A.7), (A.8), (A.21), and (A.2 3) into (7.12), we obtain

oo - ol W)RTGI _ (10 & cm?)(0:9)%P,
% = D " [224 10 4 g/(cm s)](0:2 cnP=s)
=163 104 Cmg S11013 10 gllem £)]=1:65 10

Lastly, using the values calculated above, we may calculaten:

_ G u _ (0:07)(0:105) 5.
m = Pes = 165 10 =4:45 10 °:

(A.24)

(A.25)



Nomenclature

Units are listed in terms of length (L), mass (M ), moles (N ), time (T), or temperature
(). If the same letter appears both with and without tildes, the letter with a tilde has
dimensions, while the letter without a tilde is dimensionless. The equation number where
a particular quantity rst appears is listed, if appropriat e.

A: arbitrary constant, variously de ned.
B: arbitrary constant, variously de ned.
e transfer coe cient, units L=T (5.1a).
D: diusion coe cient, units L?=T (2.2a).
d: half-width of GDL segment, units L.
A activation energy, units ML 2=NT? (2.5a).
f . arbitrary function, variously de ned.
y): total gas molar density in channel, units N=L3 (7.2).
g: arbitrary function (4.34b).
h: height of channel, unitsL.
R: thermal conductivity, units ML=T 3 (2.9).
L: latent heat for water, units L?=T? (2.9).
m: dimensionless parameter (7.19).
n: normal direction.
P (%, y): pressure at position (¢ y), units M=LT 2.

p: arbitrary constant, variously de ned.

Pe: Reclet number measuring the ratio of convective to di usive e ects (3.8b).
& imposed ux at CCL, units N=L?T for concentration ux and M=T 3 for heat ux
(4.5a).

R: gas constant, unitsML ?>=NT? (2.5a).
r(x;y): fraction of gas that is oxygen (7.6).
S(v; T): saturation measurement for water vapor (4.40).
s(x;y): dimensionless square of the total gas concentration (7).
T(%; y): temperature at position (x; ), units .
t(%; ¥): concentration of oxygen at position (¢ y), units N=L3.
V (%, y): gas velocity at position (x; ), units L=T (2.1).
w(x; ¥): concentration of water vapor at position (x; y), units N=L3.
): pore volume fraction of water, value = (2.3a).
x: distance along channel measured from graphite centerlinaunits L.
y distance along channel measured from graphite centerlineunits L.
Z: the integers.
z: interior-layer variable, value (x +1) = (4.10).

: condensation/evaporation conversion factor for two-phae model (10.3).

v condensation conversion factor, unitsL3=NT (2.7).
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. evaporation conversion factor, unitsT * (2.7).

. proportionality constant for pressures, value P, P;) 2?=P (2.16c).
. small regularization parameter (9.3).

: small aspect ratio, value h=d.

(;):
()

liquuid water volume fraction (2.1).
permeability, units L? (2.1).

. viscosity of the gas, unitsM=LT (2.11).

density, units M=L3 (2.9).

. sources and sinks due to condensation and evaporation (2a).

(~=; y):_
()

=]
N

—_ =

sat:
: as a subscript, used to indicate temperature (4.5c).

volume fraction at position (x; y) (7.6).

. porosity.

moisture potential, units T 1 (2.1).

Other Notation

as a subscript, used to indicate graphite (2.10).

. as a subscript, used to indicate equilibrium (9.1a).

as a subscript, refers to the variableG (7.12).

as a subscript, used to indicate the gas (2.4).

as a superscript, used to indicate an interior layer (4.10.

as a sub- or superscript, used to indicate the region undethe left channel (2.8).
as a sub- or superscript, used to indicate the region undethe graphite (2.13).
as a subscript, used to indicate an expansion in (4.7), a normalization factor
(9.1a), or a series of transformations.

. as a subscript, refers to the variabler (8.23).

as a sub- or superscript, used to indicate the region undethe right channel
(2.16a).

as a subscript, refers to the variables (8.22).

as a subscript, used to indicate a saturation value (2.@a).

as a subscript, used to indicate oxygen (2.4).
as a subscript, used to indicate water vapor (2.7).

. as a subscript, used to indicate liquid water (2.1).



References

[1] M. Bernardi and M. W. Verbrugge, \A Mathematical Model of the Solid-polymer-
electrolyte Fuel-cell." J. Electrochem. Soc, 139, 1992, 2477{2491.

[2] T. F. Fuller and J. Newman, \Water and Thermal Management in Solid-polymer-
electrolyte Fuel-cells." J. Electrochem. Soc, 140, 1993, 1218{1225.

[3] T. E. Springer, T. A. Zawodzinski, and S. Gottesfeld, \Polymer Electrolyte Fuel Cell
Model." J. Electrochem. Soc, 138, 1991, 2334{42.

[4] C. Marr and X. Li, \Composition and Performance Modeling of Catalyst Layer in a
Proton Exchange Membrane Fuel Cell." J. Power Sources 77, 1999, 17{27.

[5] K. Promislow and J. M. Stockie, \Adiabatic Relaxation of Convective-Di usive Gas
Transport in a Porous Fuel Cell Electrode.” SIAM J. Appl. Math ., 62, 2002, 180{205.

[6] J. M. Stockie, K. Promislow and B. Wetton, \A Finite Volum e Method for Multicom-
ponent Gas Transport in a Porous Fuel Cell Electrode.” Intl. J. Num. Meth. Fluids ,
41, 2003, 577{599.

[7] S. Dutta, S. Shimpalee and J. W. Van Zee, \Numerical Predction of Mass-exchange
Between Cathode and Anode Channels in a PEM Fuel Cell." Intl. J. Heat Mass
Transfer, 44, 2001, 2029{2042.

[8] L. You and H. Liu, \A Two-phase Flow and Transport Model fo r the Cathode of PEM
Fuel Cells.” Intl. J. Heat Mass Transfer, 45, 2001, 2277{2287.

[9] J. R. Philip, \Theory of In Itration,” in  Advances in Hydroscience Ven Te Chow, ed.
Academic Press, 1969, pp. 215{296.

[10] J. R. Philip and D. A. De Vries, \Moisture Movement in Por ous Materials under
Temperature Gradients." Trans. Amer. Geophys. Union, 28, 1957, 222{232.

[11] P. Broadbridge and I. White, \Time to Incipient Ponding : Comparison of Analytic,
Quasi-analytic and Approximate Predictions.” Water Resources Res.23, 1988, 2302{
2310.

[12] J. M. Stewart and P. Broadbridge, \Calculation of Humid ity During Evaporation from
Soil." Adv. in Water Resources, 22, 1999, 495{505.

[13] K. Promislow, J. Stockie, and B. Wetton, \A Sharp Interf ace Reduction for Multiphase
Transport in a Porous Fuel Cell Electrode.” Submitted to SIAM J. Appl. Math .



