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Abstract

Modelling issues are considered for the process of crackimgpck
in mines using ultra high pressure water. The elevated presses are
caused by the ignition of a propellant and may be as large as TDMPa.
We rst consider time, length and pressure scales and then déve a
model for the propagation of a two-dimensional crack. A numler of
aspects of this model are considered and similarity solutios and be-
haviour near the crack tip are investigated. Considerationis given to
a simpli ed model where the elastic component of the interation be-
tween the rock and the uid is handled using an elementary clsure
law: in this case much progress may be made and closed-formistions
may be determined. Conditions are also identi ed where a moel based
on \impulsive" lubrication theory is appropriate. However , this leads
to a very challenging problem. Finally, some other ways of etend-
ing the model to include (for example) uid leak-o into the r ock are
discussed.
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1 Introduction

Potentially fatal respiratory diseases such as mesothelima and pneumonoul-
tramicroscopicsilicovolcanoconiosis are a constant hazd in mining. One of
the principal causes of these and other serious diseases isetpresence of
small solid particles (radius 1 m) in the working atmosphere. Particles
of this size are particularly harmful to the lungs as they aretoo small to be
ejected by coughing, but too large to pass through the alvedl The contin-
ued presence in the lungs and carcinogenic nature of these ghigles therefore
presents a major health hazard to miners.

One popular method used to create workable material in minegonsists
of the somewhat unsubtle tactic of simply initiating an explosion (using dy-
namite, for example) in portions of as yet unmined rock. In this fashion the
rock is broken up and the end product can eventually be harvaed. Unfor-
tunately, mining carried out in this way su ers from at least three short-
comings, namely (a) the explosion creates solid rock parties of all sizes,
including those of the dangerous dimensions described abey (b) the de-
struction involved is excessive and a great deal of chemicanergy is wasted,
and (c) large areas of the mine must be cleared of personnel dag the
explosion process.

This report investigates some aspects of an alternative métod for crack-
ing rock in which ultra high pressure water is used to open ssires in the
rock. The high pressure is delivered by detonating a propedint charge in
a water- lled hole in the rock. Many standard nitrocellulos e-based propel-
lants or similar explosives may be used for this purpose. Thdope is that,
instead of being literally blown to pieces, planar cracks wi form to cut the
rock into slices. Little chemical energy is wasted in this pocess, few very
small rock particles are produced and the event is controllale enough for
the mine not to have to be completely evacuated as it takes plee.

Although using propellant and water in this manner to crack rock is
an attractive idea, a number of important modelling questions need to be
addressed before the process, if seriously contemplatedrfadoption, can be
scienti cally analysed. These include:

At the ultra high pressures envisaged, will the water even renain lig-
uid? If so, can it still be treated as incompressible?

Is it possible to construct a reasonably tractable mathemaical model
for the process of rock cracking in this manner?

Are any model simpli cations possible? If so, do these give siany idea
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of the order of magnitude of the crack dimensions and speed$at are
likely to be produced by the process?

Is it possible that \impulsive lubrication theory" will be r equired to
model the process because of the particularly high pressusehat are
involved?

Each of these matters will be addressed in the sections below

2 General details of the process

We rst consider the parameter values and ranges that are enisaged. Tho-
ugh clearly when propellant is ignited a great number of indvidual energetic
processes take place, we have some idea of the orders of magde of the
physical parameters that are relevant. We anticipate that the maximum
pressures produced will lie in the range 250 1000MPa, the cracking will take
place over a (de agration rather than a detonation) timescale of duration
0:5 2ms with a crack propagation speed of 20 200m/s.! We assume that
the cracks will spread out from a water- lled borehole of typical dimensions
1m long with a diameter of 40mm, the water being driven into the rock by
the ignition of a nitrocellulose based propellant or simila. It is not clear

what it might be reasonable to assume regarding pre-existig cracks in the
rock, and it is also not clear what part vapour might play in opening the
crack. In the work below, we shall therefore assume that the ack is lled

only with water. Clearly the role of pre-existing cracks coud be a key one,
and this is a topic that would repay further study.

2.1 Properties of water at working conditions

Since the whole cracking process relies on using water to kak up rock, we
rst brie y consider how water might behave at such high pressures. The
phase diagram of water (Figure 1) is exceedingly complicatk but shows
that even for fairly modest temperatures (400-600K) water will remain liquid
even at pressures as large as 1%Pa. Though we have no prior information
concerning the temperatures at which the whole process taleplace, it seems
fairly safe to assume that the water in the cracks will be ligud (whether or
not air is present in the cracks as well as water is another mader entirely).

1The pressure, timescale and propagation speeds were all \gven" when the problem
was originally posed and we therefore assume them to be corret.
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Figure 1: Detailed phase diagram of water showing phase bowaries, triple
point and di erent possible states that water can occupy (reproduced from
http://www.Isbu.ac.uk/water/).

Regarding the physical properties of liquid water at the pressures encoun-
tered during the cracking process, it is harder than one mighanticipate to
nd accurate data. Some measurements have been carried outhowever, and
for water at a pressure of 100MPa withT = 370°C the density and dynamic
viscosity are respectively = 735kg/m?3 and = 8:7 10 °Pa s, giving
a kinematic viscosity of =1:18 10 ‘m?/s (see, for example, Bridgman
(1970)). For the remainder of this report we shall assume thathese den-
sity and viscosity values are the appropriate ones to use. Walso note that
the value of the density is reasonably close to the density ofvater at room
temperature: it may further be established that water at these conditions
may be regarded as incompressible, and we also assume thisrft now on.

3 Crack modelling

A number of mathematical models have previously been posef the pro-
cess of hydrofracture in rock. Before we can develop a modebifthe present
process, it is necessary to understand the di erent modellg stances that
may be taken to describe uid-driven cracking. Essentially all modelling
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Figure 2: Schematic of homenclature and coordinate systemsaed for two-
dimensional crack modelling (the coordinate directiony points into the

page).

approaches may be classi ed as belonging to one of three patigms:

2D or KGD model. This model was probably rst developed in Khris-
tianovic and Zheltov (1955). It assumes that the crack is truy two-
dimensional, so that it is identical in every plane y =constant. The
crack is also assumed to evolve in a state of plane strain andhé uid
ow is independent of y. (For schematic of coordinate system used see
Figure 2.)

PKN model. This model was probably rst developed in Nordgren
(1972) and Perkins and Kern (1961). Essentially the PKN appoach
assumes that the cross-sectional shape of the fracture isliptical. The
ellipse is assumed to have constant heighH but a width w that de-
creases as the crack tip is approached. The uid ow is assumgto be
one dimensional in a direction normal to the elliptic cross gctions of
the fracture. The fact that H is assumed to be constant has led to the
PKN model being regarded as particularly appropriate for fractures
that are constrained to propagate in the space between two vy sti
layers of con ning rock, particularly if the strata are very thick or are
deep underground. Clearly this model is less relevant in oucase than
the two-dimensional theory.

\Penny-shaped" crack. Here it is assumed that the crack is aisym-
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metric and takes the form of an expanding disc propagating wthin
a given plane. Fluid is supplied at a known ux and the crack tip is
always circular in nature. The normal stress at the crack tipr = “(t) is
singular like C r) 72 and a stress intensity factor may be de ned in
the normal manner. Though the \penny-shaped" model has enjged
considerable popularity, it is more appropriate for cases Were the in-
jection of uid is relatively slow, such as at a well-bore or where the
shape of the crack is particularly appropriate for this sort of model.

4 Two-dimensional crack modelling

To build a model for the rock-cracking process it will be necesary to consider
both the uid mechanics of the water inside a crack and the waythat this

interacts with the elasticity of the surrounding rock. We begin by consider-
ing the motion of the water inside a crack. (See Figure 2 for nmenclature
and details of the coordinates used.)

4.1 Fluid mechanics

We begin by assuming that, as discussed above, the two-dimsional crack
model is the most pertinent to the rock fracturing problem that is being
considered. We deal rst with the uid mechanics of the problem. The uid
inside the crack obeys the Navier-Stokes equations

1
g +(ar)g= =rp+ r%; r:=0; (4.1)

where t denotes time, x = (x;2)"T, q = (u(x;z;t);w(x;z;t))T is the uid

velocity and the uid density and kinematic viscosity are denoted respec-
tively by and . We also assume that the crack has length (t) and
half-width h(x;t). To simplify (4.1) we now non-dimensionalise by setting
X = LX, z = hpz, h = hgh, u = Upu, w = (Ughg=L)w, t = (L=Up)t and
p=( Uop=L ?p. HerelL is a typical crack length, hg a typical crack half-
width, = hg=L is assumed to be small andUJg is a typical uid speed

in the crack. Note that the scaling for the time t is a matter for debate.
For the present we use the standard scaling; this matter willbe revisited
in Section 7. With these scalings, the non-dimensional equans become
(dropping the overbars for simplicity)

ZRe(Ut + Uly + WUz) = py+ 2uxx + Uzz



Fracturing Rock with Ultra High Pressure Water 39

“Re(W; + Uwy + WW,) = p_; + PWox + Wy ;
uy+w,=0;
where Re = LUg= . It is clear that the two key parameters are and

’Re, so we now examine the size of these two non-dimensional quiities.
According to the problem speci cation, the two extremes of the conditions
under which the cracking takes place are given by 20m/s, P 250MPa
andUp 200m/s, P 1000MPa. Assuming that a typical crack length and
width are given by L =2m and ho =5 10 ®m we then nd that the small
parameter is given by =2:5 10 °. The reduced Reynolds numbers for the
two extremes of operative conditions are then?Re  0:002 and ?Re  0:02
respectively. It therefore seems completely valid to assum that 1 and

’Re 1. We also note that with these choices the termspy, and u ,;
balance with each other (at both extremes of the range). Findly, it is worth
drawing attention to the fact that if the crack size were larger, an alternative
approach would have to be employed. For example, lubricatia theory would
not be valid for cracks of width 0:1mm; in this sense, the theory is sensitive
to relatively small changes in order of magnitude of crack sie.

The leading order equations are thus those of standard two-enhensional
lubrication theory, which, in re-dimensionalised form give

Px= Ugzz; Pz=0; ux+w,=0: 4.2)

The boundary conditions are that, by symmetry, u, = w=0at z =0, and
the no-slip condition givesu =0, w = h; at z = h(x;t). The equations (4.2)
may now be solved in the usual way to give
_ Px .2 2.
u= —(z¢ h9:
5 (2 )
The next step is to integrate across the crack half-width anduse the conti-
nuity equation to give
Z h(x;t)
Uy + w, dz=0:
0
Using u and the boundary conditions now gives the nonlinear evolutbn
equation

h3py

=0 4.3
3 (43)
to determine the crack half-width h(x;t). Of course, (4.3) is not a closed
problem as the pressurep has not been determined. To do this we must
couple the elasticity of the rock to the motion of the crack.

ht
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4.2 Rock elasticity

To provide a closure equation for (4.3) we must consider the lasticity of
the rock. Potentially, this introduces many complications, since it is well
known that near to a crack tip both plastic and elastic regions are present.
We will content ourselves with a linear elastic model that asumes only
small displacement gradients in the rock: for the size of crek that we are
interested in this seems to be eminently reasonable. Usingnear elastic
theory, we note (see Muskhelishvili (1953) for full detaild that if an elastic
half-spacez < 0 is subjected to respective normal and shear surface stress

2z= pand 4 = qthen these are related to the surface displacements
U(x) and W (x) by

Z
171 p(s)
s - = .
1 > Wy q(x) = . s de, (4.4)
171 o)
s _ = .
. U+ p(x)= . s de, (4.5)

where =(1 2 )52 ), sisthe shear modulus of the elastic material,
and , is Poisson's ratio.

The equations (4.4) and (4.5) are completely general and ardimited
only by the constraints of linear theory: in the case that we wish to consider
here, however, to leading order no shear stress is exerted llge crack. Thus
g(x) = 0 and (4.5) gives the horizontal displacement that the rodk must
undergo for a given pressure. In contrast, (4.4) gives

Z
171 ps) ds = s
1 S X 1

Wiy:

This full-range Hilbert transform may be inverted (Hilbert transforms of
this form are self-inverse save for a sign change) to yield
VA
S 1 WS(S) dS.
@ p 1 S X
In our case (at least for a symmetrical crack) we have
h(x;t) ( (1) <x<" (1)
W (x) = N
) 0 (x> (1)

and if we now assume that we are only interested in cracks thapropagate
in one direction (so that p and h are unde ned for x < 0) we nd that

7 .
S (t) hS(Slt) ds.
(1 p) 0 S X

p(x) =

p(x;t) = (4.6)
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4.3 Model closure and boundary conditions

The nal model for the crack propagation is therefore given by (4.3) and
(4.6), viz

h3py
3

Z.
@ p o s X
Though this model was derived independently at MISGSA2004,it is not
in fact new and has been used on a number of occasions before. uth
discussion at MISGSA2004 revolved around the correct bourary conditions
for the problem: it transpires that most of this discussion was incorrect. It
is in fact enough to specify three conditions, hamely
Z @)
h(x;0) = ho(x); h((t);t)=0; 2 h(x;t) dx = Q(t): (4.9)
0

hy

=0; 4.7

p(x;t) = (4.8)

Here ho(x) denotes the initial crack shape (we implicitly assume the &is-
tence of a pre-existing crack of some sort, possibly produden the rst few
nanoseconds of the propellant ignition process). The totalcross-sectional
area of the crack, which is essentially assumed to be known bgonservation
of mass, is given byQ(t). This nal condition may be posed in other guises,
but the condition given here is probably the simplest.

Note that one extra boundary condition is implicit in the problem,
namely that the pressure is nite at x = 0. Inspection of (4.8) reveals
that, for this to happen, we must have hy(0;t) = 0.

For general hg and Q(t) there appears to be no hope of nding closed
form solutions to this awkward nonlinear coupled problem. Mewed as a
purely numerical problem, it may well be possible to make prgress: even
this, however, is a far from trivial problem. We shall show in the next
section, however, that it is possible to construct similarty solutions that are
of interest.

5 Similarity solutions

In order to show that the conditions (4.9) provide enough dat to completely
solve the problem posed by the equations (4.7) and (4.8) it isvorth recalling
the work of Spence and Sharp (1985). If we non-dimensionaks(4.7) and
(4.8) by setting t = (3L 31 p)=shdt, x = Lx, h = hoh, * = L7,
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Q = hgLQ and p = (hp s=L(1 p))P then, dropping the overbars for
simplicity, we may solve the resulting equations

Z - Z -
(1) ()
he = (h%p)x; p= 1 hs ds; 2 hdx = Q(t);
o S X 0
by assuming a similarity solution of the form
p=t PP(); h=kt H(); "()=kt; Q=At; =x=(b)
If we then choose = 1(  3)and = ( + 3), the problem is reduced
to
z 1 Z 1
1 Hs 2
Ho HO=(H?POS P()= = —ds; 2* H()d =A;
0 0

where © denotes a derivative with respect to the similarity variable . This
must now be solved subject to the conditionsH (1) = 0, HY0) = 0. This
problem is still a challenging one, since a singular integriaequation cou-
pled to a nonlinear ordinary di erential equation must be solved. However,
Spence and Sharp (1985) were able to solve this problem numieally by com-
bining the singular integral equation and the di erential e quation to form
a single nonlinear singular integral equation. They then stved this numer-
ically using a spectral method where the unknown function wa expressed
as a sum of Chebyshev polynomials, which satisfy particuldy convenient
quadrature rules when combined with a Cauchy kernel. In thisway, solu-
tions were calculated and the Stress Intensity Factor couldbe determined.
This similarity approach is probably the closest that one can get to obtaining
closed form solutions to the \full" two-dimensional problem.

It should be noted that this is not the only type of similarity solution
that is available: Spence and Sharp (1985) showed further tht the same
problem resulted when one choosep = P( ), Q = Ae!, *(t) = ke! and
h = ke', provided only that = =

Nl

6 The \PKN" simpli cation

As we have seen in Section 4, what may be regarded as the \fulltwo-
dimensional model leads to a very challenging set of equatis that de es
any attempt at a closed form solution. Even the simplest formof similarity
solution leaves us with a distinctly non-trivial singular i ntegral equation to
solve.
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However, as mentioned in Section 3, an alternative to the clasical two-
dimensional modelling that has been derived above is availde. So-called
PKN theory adopts as one of its key premises the fact that the pessure and
the crack displacement are related via elasticity in a much nore simple way
than via (4.8). Various arguments are advanced (see, for exaple Detournay
et al. (2002)) to explain this \new" relationship, but essentially proponents
of PKN theory always eventually assume that

p= h; (6.1)

where is a constant that may be calculated from the material properties
of the rock.

Using (6.1), as an elastic constitutive law for the two-dimensional model,
the problem for determining h now becomes the much simpler equation

h3hy
3

he =0: (6.2)

X

The boundary conditions, as before, are given by (4.9), thogh since
the uid ux is now proportional to hy it is now no longer appropriate to
take hy(0;t) = 0. Instead, the slope at x = 0 must be specied to be
some non-zero function of time. To analyse (6.2) further, itis convenient
to non-dimensionalise by settingx = Lx, h = hgh, t = t, > = L and
Q = hoLQwhere = (3 L 2)=(h}). Dropping the overbars for convenience,
the governing equation becomes

he = (h3hy)x: (6.3)
The simplest way to express the boundary conditions is to nag¢ that
!
4 %o Z @
Q=2— hdx = h; dx; (6.4)

sinceh = 0 when x = “(t). If we now integrate (6.3) with respect to x from
0 to “(t), we nd, using (6.4) that

Q= 2h3(0;t)hy(0;1):

We therefore need to solve (6.3) withh “(t);t =0, Q(t) specied, h(x;0) =
ho(x) and additionally we need to specify eitherh(0;t) or hy(0;t), these two
gquantities being related by
o) =3
hO;t) = ———~——
00 2hy(0;1)
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Similarity solutions may now easily be determined. In particular, if we set

hix;t)=t"f(); “(t)= Kt ™; =xt"™;
then we nd that the governing partial di erential equation is reduced to
similarity form so long as 2n +3n = 1, in which case it becomes
1+3n
nf fO=(f390
2
A complete closed-form solution may be obtained whem = 1=3, m =0

in which casef is given by
" EZ10)

15 s®
=C+ = p———ds;
2 D s°
where C and D are arbitrary constants. In this case = x, h(0;t) =

t 173f (0), hy(0;t) = t 3 0) and Q(t) / t 4.

As one might expect, the physical interpretation of such simlarity so-
lutions breaks down whent = 0. Note also that, if n = 0, it is possi-
ble to obtain similarity solutions where h(0;t) is constant (in which case
hy(0;t) t ¥2f 40)). Finally, solutions where Q is constant may be deter-
mined by choosingn = z and m = ‘g‘.

It is also easy to determine the asymptotic behaviour of the slution near
to the crack tip x = “(t). If we assume that forx  “(t),

h(x;t) (@) x)";

then substitution into (6.3) soon reveals that r = 1=3. As expected,hy is
therefore in nite like ( “(t) x) 27 near to the crack tip.

Such solutions to the \PKN modi ed" crack model may be furthe r anal-
ysed in all of the usual ways: it is possible to determine traelling wave
solutions, the behaviour when 0 may be determined, and various dif-
ferent behaviours ofh(0;t), hy(0;t) and Q(t) may be examined: we do not
proceed further with this here.

Finally, it should be pointed out that the \PKN modi cation" of the full
problem su ers, in addition to its somewhat speculative nature, from one
severe restriction, namely that by construction the pressue must take the
value zero at the crack tip. This completely rules out the posibility of de n-
ing a SIF (Stress Intensity Factor) for the spreading crack. Modi cations
of the \PKN modi cation" have been proposed to deal with this di culty,
but these are yet more speculative in nature.
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7 Impulsive lubrication theory

In Section 4 what might be regarded as a \traditional" lubric ation theory
approach was followed to model the development of a crack. Té ultra
high pressures used in the proposed process may neverthedanake it more
appropriate to reconsider the derivation of the lubrication theory equations.
For the majority of uid ows the velocity, time and length sc ales are related
by U = L=T and the derivation in Section 4 is correct. However, if impukive
forces are involved in creating uid ow then di erent scali ngs may operate
and the time derivative and momentum terms in the Navier-Stokes equations
may need to be retained.
To investigate this, we consider the key equation

1
Ut + UUy + WUz = =Py + Ugzz; (7.1)

having already discarded theuy, term on the right hand side on the un-
derstanding that, whatever the relevant timescales are, weare still con-
cerned with a thin layer ow where z-dimensions are very much less than
x-dimensions. If we now non-dimensionalise (7.1) using = LX, z = hoz,
t= t,u= Upu, w=(hoUp=L)w and p = ( U oL=h3)p, then when we rear-
range the equation so that its right-hand side is multiplied by unity, we nd
that the u; term is multiplied by h3= and the remainder of the left hand
side by thO: L . The conditions for \impulsive lubrication theory" to be
appropriate are therefore
hg h3Uo
L

under which circumstances the governing equations (4.2) st be replaced
by

1; 1; (7.2)

1
U= —px+ Ugzz; Pz=0; ux+w,=0: (7.3)

When might (7.2) be valid, and might these circumstances be ppropriate to

the problem considered in this study? If we assume (as we hawaroughout)

that =1:18 10 'm%s, then we nd from (7.2) that the u; term must
be retained wheneverh, O(3:4 10 *" ")m. We have noted above the
uncertainty in the values of hg and , but using the given limiting time

scales 0:5ms and 2:0ms reveals that theu; term must be retained
whenever the cracks have widths between:7 m and 15 m or more. The
corresponding values of the size of theiuy term, given by the second ratio
in (7.2), are then about 0:002 and 002.
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The inescapable conclusion from these estimates appears be that it is
very likely that we should be using (7.3) rather than (4.2).

Of course, using (7.3) complicates matters considerably. e problem
that must now be solved merely to determine the ow speedu(x; z;t) consists
of (7.3) subject to the conditions

u(x;z;0) = uo(x;2); U (x;0;t) =0; u(x;h(x;t);0) =0:

What started as a simple linear lubrication theory equation has now become
a formidable moving boundary problem in three independent ariables. The
t-dependence of the condition onz = h(x;t) renders all methods such as
Laplace transform and separation of variables useless. Uikk standard lu-
brication theory where time only ever enters the problem as aparameter,
a time derivative now appears in the equation of motion and tre problem
becomes orders of magnitude harder. A small amount of proges may be
made by expanding all of the dependent variables as harmoniseries in time,
but even this produces expressions that would be prohibitiely complicated
to use in conjunction with (4.6). Only in cases where the presure has an
exponential time dependence can any progress be made. Therdanding
interplay between the physics of particular forms of loadirg and appropriate
analysis techniques makes impulsive lubrication theory ettemely challeng-
ing, and both the e ects of possible shock wave propagation ad the exact
nature of fracture initiation need to be taken into account.

Finally, it is worth noting that although much of what was ind epen-
dently derived at MISGSA2004 has in fact previously been knan, the work
contained in this section is, to the best of our knowledge, cmpletely new.
Unfortunately (but predictably) the full problem (4.7), (4 .8) is rendered
even harder by the inclusion of \impulsive" e ects. The equations become
so challenging that numerical calculations appear to be theonly hope of any
progress.

8 Conclusions and recommendations

The following conclusions and recommendations may be listk

Before any of the models and calculations contained in thiseport can
be given any real credence more work is required to locate agrate
values of the properties of water at the temperatures and prssures
encountered in the cracking process. This will probably regire a tra-
ditional literature search as appropriate and reliable data does not
seem to exist electronically.
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Some fairly crude fracture mechanics calculations were caed out at
MISGSA2004 to attempt to characterise the initial extent of a crack.
These relied on the empirical relationship
K = F?F: ,
0

where K is the stress intensity factor, F is the force per unit length,

is a correlation factor ( 1:12) and "¢ the initial length of a crack.
BVe assume that there is no crack ifK 2 < ER o where the quantity

ER( is known as the \fracture toughness" of the material. When
K2 = ERp, we nd that

4 2F2
0= :
ERo
Assuming that the water is in contact with a length x. of the in-

side of the crack and using the fracture toughness for quariie (2:2
10°Pa” m at 200MPa) we nd that

0 =13:2¢2

where X is measured in mm. Thus when sayx. = 5mm, the initial
crack length is o = 1=3m. Though this result appears to be intu-
itively reasonable, more fracture mechanics calculation®f this should
probably be carried out.

The boundary conditions for the \full* two-dimensional pro blem re-
quire careful consideration. However, no \extra" condition is required
at the crack tip in order to allow the crack to propagate: it is simply
enough to seth “(t);t =0.

One way of tackling the \full" two-dimensional problem is vi a similar-
ity solutions as in Spence and Sharp (1985). This approach &ls to
a numerical problem that is challenging, but can certainly be solved.
Similarity solutions of this type are probably the only way of obtain-
ing solutions to the problem without following a purely numerical ap-
proach.

By adopting the PKN elasticity hypothesis it becomes possilte to cal-
culate solutions to the problem with relatively little dic ulty. The
model is speculative in nature, however, and the constant imolved
in relating the pressure and the crack displacement will unadubtedly
become a \tting parameter".
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In spite of the progress that can be made when the PKN elastidy hy-

pothesis is adopted, there is a serious objection to this moal, namely
that the pressure at the crack tip is necessarily zero and so mstress
intensity factor can be de ned in any meaningful manner.

Our examination of whether the \impulsive" lubrication the ory equa-
tions should be used appears to indicate that it is, indeed, acessary
to include the u; term in the governing momentum equation. In dis-
cussing this, we have assumed that some of the physical paraters
of the problem are fairly well established, while others hae been \es-
timated" using the best means available. If ever more specic infor-

mation becomes available concerning parameters such as cfalength

or width, then the order of magnitude analysis performed in Sction 7
should be revisited in order to establish whether or not impusive lu-

brication theory is appropriate.

In cases where impulsive lubrication theory is appropriatethere seems
to be no alternative to proceeding on a solely numerical basi Though
it may be worth expending some more e ort to see whether or not
any simpli cations may be made, it appears unlikely that analytical
progress can be made.

In many such hydrofracture processes uid leak-o at the crack tip
and at other locations on the crack boundary must be accountd for.
Various models exist to deal with this complication; the majority pro-
pose the inclusion of some sort of sink term in the uid continuity
equation, but all are somewhat speculative in nature. The rader is
referred to Detournay et al. (2002) for further details.

In all of the modelling presented above it has been assumed #t the
crack contains only water and that no void space is present. tlis well
known, however, that vapour is often present in such cracks.There
are various ways in which the presence of vapour may be takemio
account, but these further complicate the modelling and hae not been
considered in this study.

As pointed out in Section 2, the role of pre-existing cracks my be key
in deciding whether or not the process will be viable as a meas of
cracking mining rock. The current study did not consider this, but it
is clear that any serious model covering the totality of the process will
have to assess the importance of pre-existing cracks.
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Finally, we have seen that there are many areas in which furtier work
could be carried out. Further consideration of this problem would
make an excellent three-year PHD project which could be joitly su-
pervised between Applied Mathematics and Mechanical Engirering.
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